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SECTION L 



ON THB MSTH0D9 OF DETERMINING THE POSITION OF 

A. POINT IN A PLANE. 



Rectangular and oblique C(M)rdinates. Polar Co-ordinates. 

1. In order to determine the position of a point in 
a plane, some fixed point in the plane is taken for the 
origin of coordinates; and through it are drawn two fixed 
lines, called the co-ordinate axes, at right angles to one 
another* 

Then if the perpendicular distance (to which the name 
ordinate is given) of a point from each of the co-ordinate 
axes be assigned, its position will be completely determined. 

For let A (fig. 1) be the origin of co-ordinates, X'AXy 
Y'AYy the co-ordinate axes, P any point, and PJf, PJV", the 
perpendiculars let faU from it upon the co-ordinate axes; 
these perpendiculars together are called the rectangular co-^ 
ordinates of P, and as their values change for the difierent 
points of the plane, they are denoted by the variables w and y. 

Then the point P will be determined in position, if we 
know the values of its two co-ordinates ; that is, if we 
know that for that point w^a, y ^b; for if along AX we 
measure AN = a, and through N draw an indefinite line 
parallel to AY^ this line will contain all points in the 
plane whose distance from AY is a, or for which ^ b a, 
and therefore the point in question ; similarly, if we measure 
along AY the distance AM ^hy and through M draw an 
indefinite line parallel to AX^ this line will contain the 
1 



point in question ; therefore these two lines MP, NPy will, 
by their intersection in P, determine one single position for 
the point whose co-ordinates are d? = a, y « 6 ; which position, 
as we see, coincides with the angular point opposite the 
origin, of the rectangle constructed with the sides AN, AM, 
equal to the two given co-ordinates. 

2. Instead of the perpendicular PM, its equal AN is 
commonly used to determine the position of the point P; 
and the two AN, NP^ are called the co-ordinates of P, and 
are denoted by a? and y; the former, for the sake of dis- 
tinction, being called the abscissa, as being cut off from AJT, 
and the latter, which is parallel to the other axis AY, the 
ordinate. 

When the point is given, and consequently its co-ordi- 
nates known, they are usually represented by the £rst letters 
of the alphabet a, b, &c. as above ; or by the accented 
letters w\ y, or sc'', y'\ and the point is called the point 
(a, b), the point {w, y), &c. ; also the axes of the co-ordi- 
nates AX, AY, are often called the axis of x and the axis 
of y. 

3. The determination of the point P will not however 
be complete, unless we take into account the signs of the 
quantities a, b, in the equations 

of^a, y:=b, 

in order to measure these distances, when they are positive, 
along the positive parts AX, AY, of the co-ordinate axes; 
or along the negative parts AX\ AY', of the axes produced 
in the contrary direction, when they are negative; as is 
explained in Trigonometry, (Art. 20). For since the co- 
ordinate axes, which must be supposed to be prolonged inde- 
finitely, form about the origin four angular compartments, 
there are four positions in which P might be situated at 
absolute distances a, b, from the co-ordinate axes; and it 
is only by attending to the algebraical signs, with which the 
values of those distances are affected, that we shall be en- 
abled to select the true position of the point. The direction 
of the negative abscissae is quite arbitrary, as is also that 
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wl of the negative ordinates; we shall however, according to 

for the usual practice, measure the positive abscissae from th<& 

joD, origin towards the right, and the negative abscissae from thq 

tie origin towards the left ; and the positive ordinates we shall 

(1 measure upwards from the axis of a?, and the negative ordi- 

nates, downwards. Hence if the point P be situated in the 
compartment XAY^ both its co-ordinates are positive; if in 
the opposite compartment X' AY\ both are negative; and for 
^; points in the compartments X' AYj XAY^ we must have 

respectively 

w ^ -^a^ y = 6; a? = a, y=s— 6; 

also for points in the axis of a?, and axis of y^ we shall 
have respectively 

^Bso, y = 0; a?«=0, y = fe; 

and for the origin, a? = 0, y = 0. 

4. Sometimes it is requisite to take the co-ordinate axd^ 
not at right angles, but inclined at a given angle to one 
another; in which case, the system of co-ordinates is called 
oblique. 

Thus (fig. 2), if XAX\ YAY\ be two lines drawn 
through the point A^ and intersecting one another at a given 
angle ; and if from any point P in the plane XAY^ PM^ PJV, 
be drawn respectively parallel to AX, AY^ and meeting those 
axes in M and iV; PM or its equal AN^ and NP^ are the 
co-ordinates of P referred to the oblique axes AX^ AY. 

5. To find the distance of a point from the origin in 
terms of its co-ordinates. 

Let P be the point (fig. 1), AN ^ ob\ NP = y\ its given 
co-ordinates. 

Join APy and let AP = d ; then from the triangle ANPy 
right-angled at JV, 

AP" r. A]Sn + NF", or d'^w^^+y'^ 

6. To find the distance between two points in terms of 
their co-ordinates ; and the angle of inclination of the line 
which joins them, to the axis of ^. 

1—2 



Let P' be a point (fig. 3) whose co-ordinates are x and 
•y ; and P any other point whose co-ordinates are x and y ; 
join P'P, and draw T^Q, parallel to AX and meeting the or- 
dinate of P in Q ; then from the triangle PQP^ right-angled 

P'i^ = Pot + PQS 



or d' «= (^ — «!?)''+ (y - y )^5 



.-, (i = v^(^ - ^')« + (y - y')^ 

Both in this formula, and in that of Art. 5, we take 
the radical with a positive sign, as the question only relates 
to the absolute distance of the points. 

Next, let a be the angle which P'P forms with P'Q, and 
which is equal to the angle at which^ if produced, P'P would 
be inclined to the positive part of the axis of x\ 

,K . P(^ y-y 

then tan a = -—ri, = , * 

It is important to observe that by the distance P'P is 
meant the distance measured from P to P, and not from 
P to P'^ and by the angle which P'P forms with Aw^ is 
meant the angle which a line AX parallel to P^P through 
the origin would form with the axis of w^ X being always 
on the same side of A that P is of P'. 

7« Suppose the co-ordinates to be oblique, and the axes 
of the co-ordinates to be inclined to one another at an angle 
o) ; then, for the distance of a point from the origin, by Tri- 
gonometry (Art 52) we have (fig, 2) 

AP" = JJV^ + NP - St AN. NP cos ANP, . 
but cos ANP = — cos XAYsz — cos w, 
.•. rf^ = ^ + y- 4- ^wy cos w ; 

and for the distance between two points we have, in a 
similar manner, from the triangle PQP (fig. 5), in which 
/L PQP'^ TT - PCIN=^ It - PN'X^ir - a;, 

(p sz (jv -^ a/y + (y - y'y + 2 (a? - x) (y - y) cos w. 



8. There is also another mode of determining the posi- 
tion of a point in a plane, viz. by means of its distance 
from a given point or pole, and the angle which that dis- 
tance makes with a fixed line or axis in the plane. 

Let A (fig. 4), be the origin or pole, and AX a fixed 
line or axis; and P any point in a plane passing through 
AX. Join AP^ then AP is called the radius vector^ and 
is usually denoted by r, and the angle PAX is called the 
<^gle of revolution^ and is denoted by Q ; and r and Q are 
called the polar co-ordinates of P ; and if given values r ^ d^ 
6 ^ a, be assigned for them, the position of P will be com- 
pletely determined. 

The angle of revolution may receive any positive value 
from zero to infinity ; and it is measured from the initial line 
or axis always in the same direction, which, according to the 
usual practice, we shall assume to be upwards ; and the radius 
vector is measured from the pole along the line bounding that 
angle, and may have any positive value from zero to infinity. 
Sometimes, however, in order to embrace all the branches of a 
curve in the same polar equation, it is necessary to admit 
negative values of r, and to measure them from the pole along 
the radius vector produced backwards ; also, if negative values 
of 9 be admitted, they must be measured from the initial line 
downwards. 

9. To express the distance of two points from one 
another in terms of their polar co-ordinates. 

Let P' be a point (fig. 4) whose polar co-ordinates are 
/ and ^, and P any other point whose co-ordinates are. 
r and 0; then zP^P' = — 0'; and, joining PP^, we get 
from the triangle PAP'^ 

PP' or cf = y/r" + r * - 2r/ cos {6 - ff). 

Equation to a Curve. Locus of an Equation. 

10. As we are able, in the mode explained above, to 
determine the position of a point in a plane by means of its 
co-ordinates, we may suppose a curved line to be traced on a 
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plane, and each of its points to be referred to two known axes ; 
and that we have between the abscissa and ordinate of each 
point an invariable relation. In a great many cases, it happens 
that this relation is of a nature to be expressed by an equation 
between the abscissa and ordinate; and this equation, when 
obtained, enables us to find either of those quantities by means 
of the other; so that, giving to the abscissa, for instance, 
arbitrary values, we can deduce from the equation correspond- 
ing values of the ordinate ; and we thus determine as many 
points of the curve as we please. 

The equation which expresses, generally, the invariable 
relation of the abscissa and ordinate of every point of a curve 
to one another, is called the equation to the curve : and, con- 
versely, the curve is called the locus of the equation. 

Similarly, the equation which expresses the invariable re- 
lation of the radius vector and angle of revolution of every 
point of a curve to one another, is called the polar equation to 
the curve. 

11. All lines are regular, or irregular; irregular lines, 
described, as it is termed, libera manu^ are not subjects of 
mathematical investigation, and cannot be represented by 
equations ; but regular lines, described according to some con- 
stant law which determines the position of all their points, 
can be represented by equations. This idea of regular lines 
agrees with the geometrical loci of the ancients. They gave 
that name to those lines of which every point was equally 
proper to solve an indeterminate geometrical problem* Thus 
a circle was said to be the locus of the vertices of all triangles 
on a given base and having a given vertical angle. Des Cartes 
first adopted the method of expressing, by an algebraical equa- 
tion, the nature of lines. The object of the following Sections 
will be to investigate the equations to curves, and from those 
equations to discover their geometrical properties by means of 
interpretations made according to the laws of Algebra. 



. SECTION II. 

ON THE STRAIGHT LINE. 



Strmght Line referred to Rectangnlar C(M)rdinates. 

12. We will now suppose the locus of the point P to be 
a straight line, as defined in Geometry ; and proceed from 
some of the fundamental properties of a straight line to deduce 
its equation; that is, an equation expressing an invariable 
relation which is satisfied by the co-ordinates of every point 
in it. 

13. To find the equation to a straight line. 

Let A be the origin (fig. 5), AX the axis o{ Wy AV that 
of 2^ ; RT the given straight line meeting these axes in T and 
B respectively, P any point in it, and AN = a?, PN = y the 
co-ordinates of P. 

Let AB = c, and the tangent of angle PTN = m. Draw 
BQ parallel to AX, meeting PN in Q ; then by Trigonometry 
(Art. 90) 

PQ^BQ. tan PBQ = ^JV- tan PTN = w^, 

and PN = PQ + QN = PQ -^ AB, 

.'. y = mw + c; 

and as this relation is satisfied by the co-ordinates of every 
point in the line, it is the equation required. 

Obs. The meanings of the constants m'and c are to 

be particularly noticed ; c is the part of the axis of y inter- 

'icepted between the straight line and the origin, or the 

ordinate through the origin; m is the tangent of the angle 

which that part of the line which falls above the axis of w. 
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makes with the axis of w produced in the positive direction. 
They remain the same for the same line, but are different 
for different lines^ and are called arbitrary constants, or 
parameters ; in general every straight line has two of them, 
and therefore a straight line may be drawn fulfilling two 
conditions. 

1 4. The equation y = m ^ + c, which is the most convenient ' 
form and the one commonly employed, represents a straight 
line when determined by the conditions of passing through 
a known point in the axis of ^, and making a given angle 
with a fixed line, viz. the axis of ^ ; so that tto is a number 
or ratio, denoting the tangent of the angle ; and c denotes 
a line, viz. the distance from the origin, of the point in the 
axis of y through which the line passes. 

If c s= 0, the line passes through the origin, and its 
equation is y = mw ; also if m « 0, the line is parallel to 
the axis of a?, and its equation is y ^ c. Similarly, the 
equation w = a, since it belongs to all points whose distance 
from the axis of y is a, represents an indefinite line parallel 
to that axis ; and the equations jf » 0, ^ = 0, represent the 
axis of a?, and the axis of y, repectively, (Arts. 1 and 3). 

15. The equation to a straight line may also be put 
under the two following forms, which are sometimes useful. 

Let BT (fig. 7) be the line intersecting the positive 
parts of both the co-ordinate axes, and let AB^c^ tan BTJC^m, 
as before ; and AT ^ a; then the equation to the line is 

y = 97><v«f c; 

but m = tan BTJT = - tan BTA = - -, 

a 

••• y = ^ + c, or - + - « 1, 

a a c 

the equation to a straight line when determined by means 
of the portions of the positive co-ordinate axes intercepted 
between it and the origin. 
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Also, if a perpendicular upon the line from the origin, 
AD = p^ and z DAX = a, we have, by Trig. (Art. 23), 

P 
m e - tan BTA = - cot a, and c = -;^-— (Trig. 98), 

sma 

P 
.\ y ^ -^ 0} cot a + -i — ; or y sm a + a? cos a = p, 

sma 

the equation to a straight line when determined by the per- 
pendicular upon it from the origin, and the angle which the 
perpendicular makes with the axis of x produced in the positive 
direction. 

16. The indeterminate equation of the first degree be- 
tween two variables, is, in its most general form, 

-4 a? + 5y + C = 0, 

which in all cases is the equation to a straight line. For 
by putting 

A C 

— = — m, ■-- 
B B 



— = — m% rz^ St " Cy 



we reduce it to the form y - mof - c = 0, or y = mw + c, 
which coincides with the equation to a straight line. 

17. A straight line may always be constructed from 
its equation y s 9^0? + c, when the dbnstants m and c are 
known. 

First, consider the equation y » m^, which represents a 
line passing through the origin; assume for tV any positive 
value AN = 0/ (fig. 6), take for y the value NP = ma/ 
(supposing m a positive quantity) and join AP^ this pro- 
duced indefinitely both ways is the required line. But if 
m be negative, so that the equation is y ^ ^ma^ taking 
AN =s w\ and NP measured downwards = maf (fig. 7), and 
joining AP^ we have the line required. 

We can now readily construct any line whatever whose 
equation is y = mw + c. 
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For if in this equation, we give to so the same values 
that we assigned to it in the equation y ^ mw^ the difPerence 
of the corresponding values of y will be constant and equal 
to c; the straight line which is the locus oi y ^ mx -{- c^ is 
consequently parallel to the line AP (fig. 6) determined by 
y = wa? (14) ; if therefore we take AB equal to c, and draw 
BD parallel to AP^ we shall have the line required ; for it 
will be such that for every point Q in it, PQ, = AB, If 
c be negative, we must take AB' equal to c and draw jB'D' 
parallel to ^P; and if m be negative, so that the proposed 
equation is y = -^mw + c^ then we must take AB or AB' 
(fig. 7) equal to c, and draw BD or ffD' parallel to AP. 

18. As a straight line is determined when any two 
points are known through which it passes, the position of 
the line which is the locus of any indeterminate equation 
of the first degree, may also be assigned by determining 
two of its points; and for this purpose the points most 
convenient are those in which it cuts the axes of y and a; 
the co-ordinates of which are obtained by making w and y 
successively equal to zero in the given equation. 

Thus if the equation be y ^ mx + c, in which m and 
c are positive, making ^ = 0, we have y a AB » c (fig. 5), 

c 

m 

joining TB and producing it indefinitely, we have the line 
required. 

The distances of the points of intersection from the 
origin, determined in this manner, must of course be mea- 
sured along the positive or negative parts of the co-ordinate 
axes, accordingly as they are affected with positive or ne- 
gative signs. 



and making y = 0, we have -a? = -4r = — , (3). Hence, 



Problems relative to the Straiglit Line. 

19. These principles being laid down, we proceed to 
the resolution of several problems relative to the straight 
line, the results of which are of great use. As the equation 
to a straight line contains two disposable constants (13), 
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they may be determined so as to make the line fulfil 
various conditions; as, for instance, to pass through two 
given points ; to pass through a given point and be parallel, 
or perpendicular, or inclined at a known angle, to a given 
line ; and so on. 

To find the equation to a straight line which shall pass 
through the origin, and through a given point. 

Let w\ y\ be the co-ordinates of the given point P 
(fig. 6) ; then the equation to the line will be (Art. 14) 
y = ma?, where m is to be determined ; but 

wj = tan P-4JV = — — = ^,; 

AN X 

therefore the required equation is y = — , ar. 

w 

20. To find the equation to a straight line which shall 
pass through a given point, and make a given angle with 
the axis of <r. 

Let w\ y\ be the co-ordinates of the given point, and 
m the tangent of the given angle ; then the equation to the^ 
line will be (Art. 14) y = m<Ji? + c, where c is to be determined. 
But since ^', y\ are the co-ordinates of a point in the line, 
they will satisfy its equation ; .*. y — mx + c, which gives 
c — y — ma/ ; and substituting this value of c, we get for 
the required equation, 

y^y^m{x^ of). 

21. To find the equation to a straight line which shall 
pass through two given points, whose co-ordinates are a/, y ; 
al\ y". 

Any point in the line, of which the co-ordinates are x 
and y, being assumed, we have y = mx •\- c. But since w 
and y are also co-ordinates of a point in the same line, 
they will satisfy. this equation, 

.'. y « mos + c. 
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Hence, subtracting this equation from the former, we have 

This is the equation to a line fulfilling one condition^ 
viz. passing through the point (w\ y') ; and since m is arbi- 
trary, an infinite number of lines may be so drawn. 

But since the line is moreover to pass through the point 
(a?", y"), its equation will be satisfied by putting or = w\ 

y = y > 



tf 



•'• y" — y — ''^ {^" — ^'), or m 



y -y . 



so that m is no longer arbitrary, but expressed in terms of 
the given quantities; hence, substituting this value of m in 
the above equation, we get 



/ y" -y\ ,v 

OB — 00 



the equation required; which may be also written 

., y ^y r. ^ y^ ^^y 

00 ^ 00 00 '-' OB 

and is then of the general form y = moB + c. 

22. To find the equation to a straight line which shall 
pass through a given point and be parallel to a given line. 

Let the equation to the given line be y = WiT + c, where 
m and c are known; and the equation to the required line 

y = m'oo + c', 

where m and c are unknown ; then, in order that these 
lines may be parallel, we must have m^m \ for they are 
respectively parallel to lines passing through the origin whose 
equations are 

y = moB^ y = m'a?, 

and these two latter lines must coincide, since the two for- 
mer are parallel ; consequently m = m\ 
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The equation to the line parallel to the given line then 
becomes 

y = mx + c\ 

where c remains indeterminate, since there is an infinite 
number of lines which are parallel to a given line; but 
if the parallel be required to pass through a given point 
(jxfyy% we must have 

y =mw' -^ c\ which gives c'. 

Subtracting therefore this from the preceding, c will dis- 
appear; and we have, for the equation to the required pa- 
rallel through a given point, 

y - y' = ^ (a? — 0?'). 

23. To find the equation to a straight line which shall 
pass through a given point, and be perpendicular to a given 
line. 

Let OS ^ y be -the co-ordinates of the given point, and 
y^mw + c^ the equation to the given line; then if AH 
(fig. 7) be drawn through the origin parallel to the given 
line, its equation will be y^mx\ let BT h^ the required 
line, then its equation will be 

y-y'^micB- x), 

but f»' = tan5rjf=-tan5rj= -cot DAT ^ --, 

m 

.•. the required equation is 

y-y = — (<r-y). 

m 

Hence if the coefiicient of /v in one equation, be the 
reciprocal of the coefiicient of x in the other with a contrary 

sign, that is, if the equations be y >= m/v +c, y = — a? + c', 

m 

the lines which they represent are at right angles to one 

another. 

24i. Having given the equations to two straight lines, 
to determine the co-ordinates of their point of intersection. 



14 

Let the equations to the two lines be 

y = mw + c, 
y = m'w + c\ 

At the point where these lines intersect, they have the 
same co-ordinates; and, conversely, their co-ordinates are 
not equal at any other point, except that in which they in- 
tersect; hence for that point only we have 

mw + c = vrix + c', which gives x = —, ; 

and substituting this value for x in the equation to either 
of the lines, we get 

c ^c mc — mc 

y^m .—, + c, or y = 



m —m m — m 

When rn = m, these values become infinite, as ought to 
happen, for the lines are then parallel (22) ; when c' = c as well 

as m' = m, the values become -, that is to say, indeterminate^ 

which likewise ought to happen, as the lines then become 
coincident in all their points. If the lines are perpendicular 

to one another, so that m =^ , the co-ordinates of their 

m 

point of intersection become 

m(c' -c) c + m^c 
•J? = --, y ss -.. 

Hence the equation to any line passing through the 
point of intersection of the proposed lines, will be 

y-mo? — c = w(y- m'x — c'), where n is arbitrary. 

25. Having given the equations to two straight lines, 
to find the angle between them. 

Let y = mw + c, 
y = mw + Cy 

be the equations to the lines BT^ -ff'7^, (fig. 8) ; and a, a', 
the angles at which they are respectively inclined to the axis 
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of <r, so that (13) tan a = m, tan a = m' ; and let <p be the 
angle between them, 

Then /. BPBT ^ lBTX^ a ffTX, or (f>=^ a- a \ 

-t r^ . . , tan a — tan a 

.•. by Iriff. Art. 45, tan © = -, , 

^ ^ ^ 1 + tan a. tan a 



or tan d> = — 
^ 1 + 






mm 



m — m 



Similarly a sin ^ = sin a . cos a' - cos a . sin a = . — . , 

Vl +m^.\/l ^m''* 



1 ^mm 



cos = /-; 1 /r =^' ('^"S- Art. 19). 

Hence, in order that the two lines may be parallel, we 
must have tan 0=0, or m - f»' = 0, as before, (22). 

And in order that they may be at right angles to one 
another, we must have tan s qo , or 1 + m7»' = 0. 

26. To find the equations to the straight lines which pass 
through a given point, and make a given angle with a given 
straight line. 

Let BT (fig. 8) be the given line, and y = maf + c its 
equation, therefore tan PTA =m; B'T^ one of the required 
lines whose equation may be assumed to bey — y' = mf (d? — y) 
since it passes through the point (a'', y ), (20) then tan PT'A = m'; 
also let tan TPT^ = ^, a given quantity ; then because 

zPrj^PTA-TPT', OTa'-=a-(p, 



, tan a — tan <6 
tan a = ^--, 



m — t 
or m 



1 + tan a . tan 1 + mt 

therefore y -jf ^ (a? - a?') is the required equation. 

1 + mt 

Similarly if PT" be the other line answering the con- 
ditions of the Problem and L PT'X = a then a ' = a + 0, 

.*. m = and the required equation isy^y = (07-^). 
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If the lines are to be parallel^ ^ s 0, and as before the 
equation is 

If the lines are to be perpendicular to one another, ^ = oo » 
and therefore the equation (since m in the numerator, and 
1 in the denominator, vanish with respect to t) becomes 

3^ - y' = — - (a? - a?'), or y - y' = (of - w). 

mt m 

27. Having given the co-ordinates of a point, and the 
equation to a straight line ; to find the length of the per- 
pendicular dropped from the point upon the line. 

Let a/^ y\ be the co-ordinates of the given point, and 
y ^moo -{• c the equation to the given line ; then the equation 
to the perpendicular will be 

y-y'= --(^-0?'). 
m 

In order to get the co-ordinates of the point of intersection 
of the given line and the perpendicular, we must, as in Art. 24, 
deduce from their equations values of w and y ; to make the 
process easier, put the first, y = ma? + c, under the form 

y — y' = m (a? - «»') + c + mx - y ; 

combining this with the equation to the perpendicular, and 
taking for the unknown quantities, the diflTerences y-y', 
w — x'y we get 

, mOu — mx* - c) , y - nix - c 

l + fw* '^ ^ l^m^ ' 

values from which it is easy tq deduce the co-ordinates ^, and 
y, of the foot of the perpendicular. But if we denote by p 
the length of the perpendicular intercepted between the point 
and the given line, we have (Art. 6), 

p«v/(a?-.a?7 + (y-y7; 



J ■■■■■ m^^mm^9^mm^m^^wmmm^^mimf^^ft^mm 
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therefore, puHing for 07-0?' and y - y' their values, 

y — ma/ —c 

p = ± ^ J . 



v/T 



+ wr 



As the value of p- must be positive, we must take the 
upper or lower sign, according as the numerator, y' — maf — c 
is positive or negative. 

The double sign may be explained, as having reference 
to the face of the straight line upon which the gerpen- 
dicular falls. For suppose the line to revolve about B 
from the present position, in which the perpendicular is 
positive ; then as it moves up to P, the perpendicular di- 
minishes, and vanishes ; and when it passes P, the perpen- 
dicular, falling upon a different face, becomes negative, and 
continues so till the line, after half a revolution, returns to 
its first position ; the line has then the same equation as 
before, but has a different face. turned towards P; and the 
perpendicular has the same value as at first, but with a 
contrary sign (fig, 9). 

If the given point is situated in the origin, of s 0, 
y s 0, and the value of p is reduced to 



P-*7T 



+ m' 



28. The result of the preceding Article may be readily 
obtained as follows. 

Let y a mx + c be the equation to the given line MT 
(fig. 9), and AN ^ x\ PN^ y\ the co-ordinates of the point 
P; then the perpendicular 

PQ = PR cos RPQ = PR cos RTN. 
But PJV= y , and BN « mx + c, .-. PB = y' - mx - c ; 

1 1 



also cos iZTJV 



.*. the perpendicular p 
2 



y/ 1 + tan* RTN \/l + m« 

j/ -ma?' - c 



\/ 1 +m* 
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29. Hence also, if through a given point a line be 
drawn cutting a given line at a known angle, we can find 
the distance of the given point from the point of inter- 
section of the lines. For if PS (fig. 9) be a line passing 
through the point P, and cutting the line BM at an angle 
PSM = a, by drawing PQ perp^dicukur to BM^ we have 

SPsina^QP^ ^ , ; .. SP ^ ^ 



then 



\/l + m* ' sinav^l+w^ 



Straight Line lefeired to Oblique Co-ordinates. 

30. To find the equation to a straight line referred 
to oblique co-ordinates. 

Let the axes of the co-ordinates be inclined to one 
another at an angle wy and suppose the line PT (fig. 10), 
to cut the axis of is at an angle a. Let AN = ^p, NP = y, 
be co-ordinates of any point P, and draw BQ, parallel to AX^ 
meeting the ordinate of P in Q ; 

Pi), sin PBQ, sin a ^ x sin a 

BQ, sin BPQ, sin (w - a) ' sin (a> — a) ' 

and NQ, = AB = c ; therefore the required equation is 

w sin a 
sm (ft) - a) 

Hence if a straight line referred to oblique axes, be 
represented by the equation y = mw + c ; wi, the coefficient 
of <r, expresses the ratio of the sines of the angles which 
the line makes respectively with the axes of x and y ; and c, 
as before, is the ordinate through the origin. 

_ ' . , . 0^ sin a 
In usmg the equation y = -: + c, we must re- 
sin (ft) — a) 

member, with respect to the constants involved, (l) that 

e is a positive or negative quantity, according as the line 

cuts the axis of y above or below the origin; (2) that 

ft) is the angle YAX formed by the positive parts of the 
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co-ordinate axes, and not the adjacent angle YAX* \ and 
(3) that a is the angle Preformed by the portion of the 
line which is situated above the axis of w^ with the positive 
part of that axis. 

31. It is easily seen that when a line is determined 
by the portions of the co-ordinate axes intercepted between 
it and the origin, its equation is of precisely the same form 
as when the co-ordinates are rectangular; for let PT be 
the line (fig. 12), AP^c^ AT - a\ and let as and y be the 
co-ordinates of any point Q ; we get from the similar triangles 
APT, QNTy 

AP QN c y w y 

— = = ^r=, or- = , or-+-el. 

AT NT a a- 00 a c 

Also when a line is determined by the condition of passing 
through two given points, or of being parallel to a given 
line, its equation is of the same form whether the co-ordinates 
be rectangular or oblique ; in the following cases, the results 
are different. 

32. To find the angle between two lines whose equa- 
tions are given, referred to oblique axes. 

First, to calculate the angle which a line whose equa- 
tion is given, makes with the axis of <r. Let y ^ mw + c 
be its equation, and w the angle of inclination of the axes ; 
and let the line make an angle a with the axis of a?, and 
therefore an angle (o - a with the axis of y, then 

sin a 



sin (ai - a) 

m sin Q) 



which gives tan a = 



1 + m cos 01 



Next, let y a mx •\-c he the equation to another line 
referred to the same axes, making an angle a! with the 
axis of or; 



ml sin o) 



.•. tan o' = r 

1 -^m cos w 



2—2 
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Let be the angle between the lines, 

, , . tan a' - tan a 

then tan <b = tan ( o - a) = : 7— 

^ ^ 1 + tan a . tan a 



(m' - m) sin w 



1 + mm' + (w* + w ) cos u> ' 



33. Hence if = ^tt, then 

1 + mm' + (m + w') cos w = ; 

1 + m cos o) 



.'. !»' = J 



m + cos (M) 

the condition in order that two lines referred to oblique 
axes, may be perpendicular to one another. . The condition 
of parallelism is the same as for rectangular co-ordinates. 

34. To find the perpendicular distance of a given point 
from a given line, referred to oblique axes. 

Let a/9 y, be the co-ordinates of the given point Q 
(fig. 11), and y ^ mof + c the equation to the ^ven line Clf 
which makes an angle a with the axis of w ; then 

sin a = m sin (a> — a) ; 

also let QjP be the perpendicular let fall from Q upon Cj!V; 
then 

QP = QN. sin (w - a) = (y - ^^ - c) , 

m 

m sin Q) . tan a 

but tan a = 5 and .•. sm a 



1 + ^ cos CO ' \/l + tan* a 

m sin 0) 



by substitution; 



x/l + 2m cos ft) + m* 

(«/' — Wi/ — c) sin 6) 
\/l+2w cosft) + m* 

36. To find the area of a trapezium. 

Take one of the sides of the trapezium P'N'NP (fig. 3) 
for the axis of a?, and a line parallel to its two parallel sides 



/ I I J^ wrSBqW^i^^pilH^^W^!^^W^WW^igi W WPgglg gaff! ffWg !JW... Ji,.^J« a— — ^■Bgg! 
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for that of y ; and let a?, y be co-ordinates of P, and a?', y' 
those of P'. 

Then, area of P'JV'iVP = area of parallelogram P'jV^ 

+ area of triangle P'PQ 
« (^ - of) y' sin ft) + ^(a? - a?') (y - y) sin o) 
= J^ (a? - «?') (y + y) sin &>. 



Straight Line referred to Polar Co-ordinates. 

36. To find the polar equation to a straight line. 

Let A be the pole (iSg. 12), XA the initial line, PT 
the proposed straight line, and AP = r, /. XAP = Q the 
polar co-ordinates of any point P in it ; ^Q =: p a perpen- 
dicular upon it from the pole, and /.XAQ^a the angle 
which that perpendicular makes with the initial line; 

then AP^ AQ sec QAP, 

or r = jj sec (6* - a). 

If the proposed line be perpendicular to the initial line so 
that a = 0, the equation becomes r ^ psecO. And if we 
choose to determine the line by the angle, and by the 
distance from the pole, at which it cuts the initial line, so 

th^t JT = a, z QTX =: i3, then I ^^°^ 



a sin 03-0)' 

37* Since the polar equation to a straight line becomes 
r cos (9 - a) .= p, , or r cos . cos a + r sin . sin a « p ; 
it appears, that every equation of the form 

ArcosO +Brsin0 + C = 0j 
is the polar equation to a straight line. 



SECTION III. 

ON THE TRANSYORMATIOir. OP CO-QRDINATKS. 



38. As the equation to a curve does not remain the 
same when we change the axes of the co-ordinates to which 
it is referred; it is of great importance, in investigating 
the form and properties of a curve from its equation, to 
give the origin of the co-ordinates such a position, and 
the axes such directions and inclination, as will allow the 
equation to the curve to appear under the simplest form 
possible. 

Moreover it is frequently required, when we know the 
equation to a curve referred to an assumed system of axes, 
to find the equation which represents the same curve wben 
referred to new axes, whose positions are given with respect 
to the former. 

This will be effected, when we know, for any point of 
the curve, the values of the old co-ordinates in terms of 
the new ones; for then, by substituting these values in the 
proposed equation, we shall obtain a relation between the 
new co-ordinates, which is true for every point of the curve 
under consideration. In this consists the transformation of 
co-ordinates. The problem therefore to be resolved is, to 
express the primitive co-ordinates of any point in terms of 
the new co-ordinates and of the known quantities which fix 
. the position of the new origin and axes ; which we shall 
now consider in the following separate cases. 

It is evident that if in ahy equation we write — a? for ^, 
the effect will be to reverse the positive direction of the 
abscissae ; and similarly, for the ordinates. 

39. To change the origin of co-ordinates without 
altering the direction of the axes. 

Let A (fig. 15) be the origin of co-ordinates, and AN = Wy 
PN = y, the co-ordinates of any point P ; AM « A, MA* = Ar, 
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the co-ordinates of the new origin Ay and AN* « (b\ N'T ■» y', 
the co-ordinates of the same point P referred to the new 
axes A'J^, AY'j parallel to the former ; then 

w^AM + Alf ^h + w\ and y ^AM •¥ N'P^k + y\ 

which are values of the primitive co-ordinates in terms of 
the new co-ordinates; and if these values be substituted 
for 01 and y^ we shall have the equation to the curve 
referred to the origin A^ the axes retaining their former 
directions. 

40. To change the directions of the axes without altering 
the origin, supposing both systems to be rectangular. 

\et XAX'^TAT ^e (fig. 16) be; the angle at which 
the new axes AX\ AY\ are inclined to the original axes 
AX, AY. 

Let AN^of, PN^y\ AN*^a}\ PN* ^y'\ be the co- 
ordinates of the same point P referred to these respective 
axes. 

Draw N'Qy N'M, parallel and perpendicular to AXy 

then w as AM — QN* = x cos Q — y sin 0, 

y^MN'-vPQ =a?'sin0 + y'cosd, 

which are values of the primitive co-ordinates in terms of the 
new co-ordinates ; and if these values be substituted for w and 
y, we shall have the equation to the curve referred to the 
axes AX'y AY'. 

41. To change the direction of the axes without altering 
the origin, supposing both systems to be oblique. 

Let AXy AYy (fig. 17) be the primitive axes inclined 
to one another at an angle XAY^w, and AX', AY', the 
new axes determined by the angles X'AX^a, Y'AX^fi, 
which they respectively form with the primitive axis of 4?. 

Let P be any point, AN = w, NP = y, its primitive 
co-ordinates, and AN'^a/y N^P^y, its new co-ordinates. 
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Then, denoting by wy the angle XAY contained by the 
axes of w and y produced in the positive directions/ and 
similarly of the others, and drawing PQ, PR^ perpendicular 
to AX J AYy and N'S^ N'T, parallel to those lines, we 
have 

RP^RT+ TPj 

or a? sin a?y = a?' sin a?' y + y' sin y'y ; 

^ sin(ft)-a) sin(fti-/3) 

.•. w ^ or ; 1- y ; . 

smo) sino^ 

Also QP^QS + SP, 

or y sin a^y = w sin a?' a? + y' sin yof ; 

, sin a , sin 3 

.-. y = a? -: + y ~ ; 

sm (t) sm 0) 

and if these values of « the primitive co-ordinates, which are 
expressed in terms of the new co-ordinates and known quan. 
tities, be substituted for w and y in the equation to a curve, 
we shall obtain the equation to the curve referred to the 
new axes. 

Obs. In making usie of these formulas, we must recollect 
that w represents the angle XAY contained by those portions 
of the primitive axes along which the positive co-ordinates 
are measured, and varies from zero to ir; and that a and (i 
denote the angles formed by AX', AY\ the positive direc- 
tions of the new axes, with the positive part AX of the 
primitive axis of <r; and that each of these may receive 
any value from zero to Stt. 

42. The formulae of the preceding Art. are not often 
employed in the above general state ; and we may deduce 
from them, as particular cases, the following, the use of 
which is more frequent. 

First, by making w = - and j3 = - + a, we fall upon 
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the formulae of the second case for passing from one system 
of rectangular co-ordinates to another system also rectan- 
gular. 

IT 

Secondly, by making wa— , we obtain the formulae for 

passing from a rectangular to an oblique system of co-ordi- 
nates, which are 

^p «■ a?' cos a + y' cos /3, 
y = a?' sin a + y sin j8. 

Thirdly, by making /3 « — + o> we obtain formulae for 

passing from an oblique to a rectangular system of co- 
ordinates, which are 

IV sin ((tf — a) t/'cos (o> — o) 
0? = 7- — — ^^^^ -, 

sin CO sin ta 

of sin a y' cos a 

y = — ; 1- ^— : :• 

sin o) sin cd 



43. In all the preceding transformations except the first, 
we have supposed the origin to remain unaltered ; if, how- 
ever, the origin is to be changed as well as the direction 
of the axes, we must employ the formulae 

so = w'-^ A, y = y"+ At, 

where A, k are the co-ordinates of the new origin parallel to 
the primitive axes, and a!\ y\ denote the values of x and 
y, found in each of the preceding cases. 

44. To transform rectangular into polar co-ordinates, 
and conversely. 

Let AN = a?, PN e y, (fig. 4) be the rectangular co- 
ordinates of any point P in a curve referred to the rect- 
angular axes AX^AY', and let AP ^ r^ lPAX^Q^ be the 
polar co-ordinates of P. 
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Then JN^JPcouPJN, or w^Tcos9y 
PN^ AP sin PAN, or y « r sin ; 

and any equation between w and y may be transformed into 
the polar equation, by substituting these values for x and y. 

Also, since r = \/a^ + y^, and tan « - or « tan"' - , 

W A* 

any equation between r and may be transformed to rect- 
angular co-ordinates, by substituting these values of r and Q. 

If the pole do not coincide with the origin of rectan- 
gular co-ordinates, then if h and k be the co-ordinates of the 
pok, the quantities to be substituted for w and y, in order to 
get the polar equation, will be 

^ ss A + r cos 0, y = & + r sin fl. 

Or, if we wish at the same time to take for the initial line, 
not a parallel to the axis of w but a line inclined to it at 
an angle a, the substitutions will be 

0? B A + r cos (0 + a), y = & + r sin (0 + a). 



SECTION IV. 



ON THE CIRCLE. 



Equation to a Circk under yaiions Fonns. 

45. To find the equation to a circle when referred to 
two diameters at right angles to one anotlier as axes. 

Let P be any point in the circumference (fig. 18), CN = <r, 
NP = y, its co-ordinates, and CP = c, the radius ; then from 
the right-angled triangle CNP, 

CIP+NP'^CP^, 

ora^ + y« = eS 

which is true for every point in the circumference, and is, 
therefore, the required equation ; it expresses that the distance 
of every point in the curve from the origin, i& equal to c. 

46. To find the equation to a circle when referred to 
any rectangular axes. 

Let C be the center, and P any point in the circumference 
(fig. 19) ; draw CB^ PiV, perpendicular to AJC, and CM paral- 
lel to AJCn and let the coordinates of C be AB » a, BC « b ; 
the co-ordinates of P, AN » of, NP » y ; and the radius CP ^ c 

Then from the right-angled triangle CPM, 

CM^ + MP"" = CP\ 
But CJI/-PJV = a7-a, MP^PN'-CB^y--b; 

therefore we get for the general equation to the circle referred 
to rectangular axes, 

(a?-o/+(y-6)«=.c*. 
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AtJ. From this we may deduce several particular forms 
of the equation to the circle, which are worthy of notice. 

First, putting a = 0, ft = 0, we have the origin in the 
centre, and fall upon the equation already found, 

Secondly, putting a & c, 6=0, we have the origin at the 
extremity of a diameter, and that diameter the axis of o^, and 
we get 

or, reducing, y* « 2 car — a?*. 

Thirdly, putting 6 = simply, the centre will be in the 
axis of 07, but the origin will not be in the circumference; 
similarly, putting a = 0, the centre will be in the axis of y ; 
and in these two positions, the equations will be, respectively, 

(a? - ay + y^ « c*, 
+ (y-6)« = c«. 



48. The above general equation to the circle (Art. 46), 
when developed, assumes the form 

0^8 + y« - 2aaf - 26y + (a* + 6* - c^) « 0, 

or a:^ +y^ + Aw + By + C = 0, 

which does not contain the product of the variables w and y, 
and in which the coefficient of each of the squares of w and y, 
is unity. Whenever, therefore, an equation of the second 
order between rectangular co-ordinates, is such" (or by dividing 
by the coefficient" of x^ can be made such) that these con- 
ditions are satisfied, the equation cannot represent any other 
curve except a circle. In fact, by completing the squares, 
we get 

which evidently represents a circle, the co-ordinates of whose 
centre are - ^-4, - \B ; and of which the radius 

The equation, however, will not in reality represent a circle. 
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unless the quantity ^A^ + J5^ - C is positive ; if this quan- 
tity is zero, the circle is reduced to a point, namely the centre; 
if it is negative, the equation is impossible. 

Peculiarities of this sort are offered by the equations 

a?* + y^ - 8y - 120? + 52 = 0, 
01^ + y^ ^4^y + 2a? + 9 = 0, 

which may be, respectively, reduced to the forms 

(a? - 6y + (y - 4)« = 0, (a? + ly + {y-9,y^^ 4. 

But the equation o?^ + j^ + 4y - 4a? - 8 » 0, by complet- 
ing the squares, becomes (<2? — 2)* + (y + 2)^ = l6, which re- 
presents a circle whose radius is 4, and the co-ordinates of 
the centre 2 and —2. 

49> To find the equation to a circle when referred to 
oblique axes. 

Let, as before, AB a= a, BC = h ; AN « »r, NP = y ; 
(fig. 20) be the co-ordinates of the center, and of any point 
in the circumference of a circle, referred to the oblique axes 
AX J AVf which form with one another an angle w. Draw 
CM parallel to AJT; then from the triangle CPM in which 
Z CMP = TT - w, and whose sides are respectively equal to 
AN-AB or a? -a, PN - BC or y - 6, and CP ^ c the 
radius, we get 

(a? - a)* + (y - by + 2(a? - «) (y - 6) cos a> » c', 

the required equation. 

• 

50. The above equation, when developed, becomes 
4?* + y^ + 2wycosa) - 2(a + 6cos w) <» - 2(6 + acosa))y 

+ a* + 6^ + 2a6 cos 01 - c^ = 0, 
which is of the form 

^* + y^ + 2a?y cos 01 + -4 a? + Sy + C = *0. 

Whenever, therefore, an equation of the second order be- 
tween oblique co-ordinates of known inclination, is such (or 
by dividing by the coefficient of w^ can be made such) that 
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the two squares a^ and j^ have unity for coefficient, and the 
rectangle wy has for coefficient twice the cosine of the angle 
between the axes, the equation will in general represent a 
circle ; and the co-ordinates of its centre, a and 6, and the 
radius c, may be determined by the equations a + frcoso) = - \A^ 
6 + a cos 01 = - \By o* + 6- + 2o5 cos ^ -- c^ ^ C. 

Also, dropping the perpendiculars CD, CEy (fig. 20) upon 
the axes, we get 

AD « AB + BD a a + 6 cos o) « - \Aj 

AE sib + a cos cy = " g -S* 

If therefore we take the distances -42>, AE, equal, respec- 
tively, to half the coefficients of a; and y with contrary signs, 
and erect the perpendiculars CD, CE, we shall by the in- 
tersection of the perpendiculars determine the position of the 
centre C 

Thus, in order that the equation 

57^+ ^y-fy*— 2a^— 2ay + fl*«0 

may represent a circle, we must have 2 cos w = 1, or o> «= ^ir ; 
and if w\ y, be the co-ordinates of its centre, and c its 
radius, 

a! ^y cos(t)»a, y' + ^' cos cy « a, w'^-^-y^-^^xy' cosw-c^sa^; 

s= y' = — , and c^\a \/s. 



a/ 



3 



51. To find the polar equation to a circle. 

Taking the pole for the origin, let a, 5, b^ co-ordinates of 
the centre of the circle (fig. 21), and c its radius; and let 
AP=^ r^ z XAP = 0, be the polar co-ordinates of any point 
P, supposing the initial line to coincide with the axis of w. 

Then, substituting r cos for J7, and r sin for y, in the 
equation 

(a? - ay + (y - by = c^, and expanding, we get 
7^ cos* - 2ar cos + a* + r^ sin^ - 26r sin + 6* = c*, 
or r^ - 2(o cos + 6 sin 6)r + a^ + 6* - c* = 0, 
(since cos* + sin* = 1) the required equation* 
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This eqiiati<m will give two values of r, AP^ AP ; 
•*. AP .AP = a* + 5* — c*, which is invariable. 

52. If we [suppose the pole to be in the circumference, 
and the initial line to be a diameter, we have 6 a 0, a=^c^ 
and the equation becomes 

r* — 2crcos0=: 0, 
.'. r B Secos^; 

at which we may arrive immediately by joining AP, PS, 
(fig. 18); for the right-angled triangle BAP gives 

AP = AB cos BAP, or r^^c cos 0. 

53. Let PY he a tangent to the circle at P (fig. 21), 
and AY a, perpendicular upon it from the pole ; . and sup- 
pose AY^py AC^d; then since z YPC = 90^ 

? = sin APY = cos APC « ^ "*" ^' "" ^ , (Trig. Art. 93), 
r 2rc 

or 2c|> = r^ + c' - cP, a relation between r and p. 

If the pole be in the circumference, or c » d, this becomes 

r*=: 2cjp. 

64. From the preceding equations to the circle, which 
assume no other property of a circle than that it is the locus 
of a point which is always at the same distance from a 
given fixed point, all the theorems relative to the circle 
established in geometry, may readily be deduced. We shall 
however confine our attention to those which relate to the 
tangent. 



Tangent and Normal to a Circle. 

55. To find the equation to a straight line which shall 
touch a circle at a proposed point. 

In geometry a line is said to touch a circle when it 
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has only one. point in common . with the circumference ; if 
therefore through the two points P, P (fig. 22),, we draw a 
secant PP ^ and then make it turn about P, till P' coincides 
with P, the secant in its ultimate position will become a 
tangent at P, for it will have only one point in common 
with the circumference. This consideration furnishes an easy 
method of determining the tangent at a given point of the 
circumference. 

Let co\ ^j be the co-ordinates of the given point P, and 
m the tangent of the angle which the touching line makes 
with the axis of w ; then its equation will be 

y ^ y ^ m{w ^ x) (Art. 20), 

where m is to be determined. 

Let J?", y", be the co-ordinates of another point P' in 
the circle near the given point, and let d be the angle 
which the line joining them makes with the axis of w ; then 
(Art. 6), 

since, the points being in the circumference, their co-ordinates 
must satisfy the equation to the circle ; and therefore 

y'» = c»-a?'», y"* = c«-a?"^ and y' ^ y'* =^ w"' -w\ 

Now let a/' =* a/^ and y' « j/, so that P' coincides with P, 
and the secant P7^ assumes the position of the tangent PT ; 
therefore, denoting by a the angle which the tangent forms 
with the axis of j7, we get 

i» « tan a « - -, , and y - y = -, (<r - ^ ) 

for the equation to the tangent ; or, multiplying by y\ and 
observing that a?'* + y * = c?*, the equation, in its most simple 
form, becomes 

yy + wa/ = c», 

in which w\ y , are the co-ordinates of the point of contact, 
and 07, y, those of any point in the tangent line. 
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66. The equation to CP is y = —, a?, which compared with 

the above equation to PT% shews that CP and PT are at 
right angles to one another (Art. 23); that is, the tangent 
to a circle at any point, and the radius drawn to the point 
of contact, are perpendicular to one another. 

Alsa the equation to th^ tangent ip terms of ita in- 
clination to the axis of w^ is 

y = mof + — = mx ± c \/x + ,rr? , since c* = «'*(i + w*) ; 

y 

the lower sign referring to the point P". 



57* To find the equation to the normal at any point 
of a circle. 

A line PG (fig. 22) drawn through the point of contact 
perpendicular to the tangent, is called a normal. The co- 
ordinates of the point being w\ \f^ the equation to the normal 
will be qf the form 

y ^y' ^ m'{x " a/), (Art. 20) ; 
and the condition of being perpendicular to the tangent gives 

1 y 

m « ^ (Art. 24) ; 

m w 

••• y -y' = -,{^ " ^% or, reducing, y^ -^,x^ 
w w 

which is the equation to a line passing through the origin, 
in this case the centre. Hence all normals to a circle pass 
through the centre. 

59. To find the locus of the middle points of a system 
of parallel chords. 

Let all the qhords make ^n angle a with axis of w^ 
and let PP be one of them (fig. 22) and a?, y^ the cor 
3 
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ordinates of its middle point F; then proceeding as in Art. SS^ 
and using the same notation, 

2y = y + y"y 2« = a?' + a/'; 

... ? « y •*'y « i_ 

m X + ar'' tan a! ' 

and consequently the locus of F is a line through the centre 
perpendicular to the chords. 

59. To find the equation to a straight line which shall 
touch a circle, and pass through a given point without the 
circle. 

Let h^ ky be the co-ordinates of the given point ; and a?', 
y, those of the point of contact, which are unknown; when 
they are found, we shall have, for the equation to the tangent, 

yy + wx' = i? ; 

and as the tangent passes through the given point, its equa- 
tion must be satisfied by the co-ordinates of that point, 

••. ky + hx* = c', 

and since the point of contact is in the circumference, 

which are the two equations that serve to determine x^ and %f* 

It is evident that x' and y will each have two values; 
therefore there will be two points of contact ; and the equa- 
tion 

y'Ar + (xfh =,c% 

since it is satisfied by the co-ordinates of the pointu, will 
be the equation (regarding x* and y as the variable co-ordi- 
nates), to the chord joining the points of contact of two 
tangents drawn from the point (^, k) ; for if an equation 
of the first degree between two variables be satisfied by the 
co-ordinates of two points, it must be the equation to the 
straight line passing through those points. 
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60. When a problem, as in the present case, leads to 
two equations between the co-otdinates a! and y of an un-^ 
known point, each of the equations, taken separately, gives 
a geometrical locus in which the point is placed; conse- 
quently, if we construct the two loci, we shall have two lines, 
the intersections of which will determine the points which 
satisfy the problem. 

The locus of the second equation is the proposed circle ; 
the locus of the first is a straight line AB (fig. 23), which is 

constructed by taking CA = — , CB = — , and joining AB ; 

then the points T, 7^, in which this line cuts the circle are 
the points required. 

Either of the equations may be replaced by another which 
results from combining them in any manner ; and in solving 
problems in this way, we must always select the combinations 
whose loci are easiest to construct. 

Thus, if we subtract the above equations, we get 

y'«-y'fc + a7'^-^'A = 0, or (y' -i*)* + (a?' -^A^-:!*^ + iAS 

which represents a circle whose centre is 0, the middle point 
of CP, and radius CO, P being the point through which the 
tangents are to be drawn ; if then we join CP and bisect it 
in O (fig. 23), and with centre and radius OC describe a 
circle cutting the former in T, 7^, these are the points of 
contact, and are determined by a simpler construction than 
the former one. 

It is evident that the two tangents PTy PT^^ subtend 
equal angles at the centre. 

The value AC « - , which determines the point A in 

h 

which TT' meets the axis of a?, is independent of the 
ordinate h oi P\ therefore A will remain in the same posi- 
tion, for all positions of P in the indefinite line PM parallel 
to the axis of y. If therefore from the several points of 

3 — ^ 
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any straight line (since the direction of the axis of y is 
arbitrary), we draw pairs of tangents to a circle and join 
the corresponding points of contact, all the secants will 
intersect in the same point; and conversely if through any 
point we draw different chords and apply two tangents at 
the extremities of each, the locus of the intersection of each 
pair of tangents will be a straight line. 



^MV. « s ■ « ■ 



SECTION V. 

ON THE DIFFERENT ORDERS OF CURVES; AND ON THE DIVI- 
SION OF CONIC SECTIONS, OR CURVES OF THE SECOND 
ORDER, INTO THREE SPECIES. 



61. Lines are divided into orders according to the 
degree of their equations, the degree being determined by 
the sum of the indices of of and y in that term of the 
equation (which is supposed to contain no fractional or 
irrational term) where it is greatest. 

The straight line is the line of the first order, being 
the locus of the equation of the first degree between two 
variables ; the circle is a line of the second order, or curve 
of the second order (these terms being used indifferently), 
because its equation is of the second degree. 

62. Curves of the second order are those whose equa- 
tions involve the squares, or the simple product of the 
variables w and y ; but no powers or products of them which 
are of higher dimensions. Hence the equation to curves of 
the second order under its most general form, or, which is 
the same thing, the general equation of the second order 
"between two variables, is 

ay^ + bwy + ca^ ^dy ^-ew +/ =0, 

which (as will be hereafter shewn) by giving a proper posi- 
tion and direction to the origin and axes of the co-ordinates, 
can always be reduced to one of the forms 

Ay'-^Bsf^ C, 

representing two distinct families of curves; the former thos6 
which have a centre, the latter those which have not a centre. 
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' 63. The centre of a curve is a point such that all 
lines drawn through it and meeting the curve both ways, 
are bisected in it. 

An axis of a curve is a line with respect to which the 
curve is symmetrically situated. 

64. Of the curves represented by the equation 

the origin is the centre, and the axes of the co-ordinates 
are axes. 

For suppose P (fig. 24) to be a point in the curve 
having known co-ordinates w\ y ; then the equation is satis- 
fied by these values ; and since it contains only even powers 
of w and y^ it is also satisfied by the same values taken 
negatively ; but if we produce PC to P' and make CP^ = CP, 
the co-ordinates of P are —a?' and — y'; therefore P' is a 
point in the curve, and PP^ is a chord, and it is bisected 
in C; that is, every chord is bisected in C, and therefore 
C is the centre of the curve. 

Also the curve is situated symmetrically with respect 
to the co-ordinate axes; for if in the equation we put 
w e= CN « of J we get for y two equal values with contrary 
signs, PJV, PiJV; so that for every ^ point situated above 
the axis of ^, there will be a corresponding point situated 
at an equal distance below that axis. Similarly, for a given 
value CM^y of the* ordinate, the equation furnishes two 
equal values with contrary signs, MP^ JIfP", of the abscissa. 
Hence each pf the co-ordinate axes bisects its ordinates at 
right angles ; and the curve is situated symmetrically with re- 
spect to them, or they are axes of the curve. 

65. In the equation to curves of the second order that 
have a centre, 

having taken care to make the second member positive^ 
since the coefficients of thb variables cannot be both nega* 



or 
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tive together, we can have only two varieties of form ; one 
with both coefficients positive, the other with one coefficient 
negative; so that the equation may assume the two forms 

The curves represented by these are called respectively, 
the Ellipse, and the Hyperbola. 

In the particular case of C = 0, the equation may assume 
either the form -5 + ts — 0, which can only be satisfied by 

the values a? « 0, y = 0, representing a point, viz. the origin ; 

, « ^ 1^. (^ y\ [^ y\ 
the form — - — «= l-+-|l l)*^ representing two 

straight lines; for the equation will evidently be satisfied 
by the co-ordinates of any point in either of the lines 

w y OD y 

a b a 

66. Of the curve represented by the equation 

the origin is not the centre^ since the equation does not 
remain unaltered when x and y are changed into —x and — j^; 
and we shall see hereafter that it cannot have a centre; 
also, since only an even power of y enters into the equation, 
the axis of x is an axis of the curve, but the axis of y 
is not an axis of the curve. 

The equation may always be reduced to the form ^b 4a^, 
where a is a positive quantity; because if A be negative, 
we have only to change x into — Xy the effect of which will 
be merely to reverse the position of the curve. Hence the 
second division of lines of the second order offers only one 
variety, which is called the Parabola. If J = 0, the equa- 
tion becomes y^ = 0, representing a straight line, viz. the 
axis of X. 

These three species of curves, to one or other of which all 
lines of the second order belong, are called Conic Sections. 
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&J. Instead of entering upon the discussion of the 
general equation of the second order (which may more con- 
veniently be reserved for a more advanced part of the work), 
we shall now separately investigate the equation to each of 
the Conic Sections from a simple definition which embraces all 
of them ; and thence determine their figures and properties. 

68. Def. The locus of a point whose distances from 
a given fixed point and a straight line given in position, 
are always to one another in a constant ratio, is called a 
Conic Section. 

Thus let S (fig. 25) be the given fixed point, and KX 
the line given in position, P a point such that joining SP 
and drawing PM perpendicular to KX^ the distances SP^ 
PMy are always to one another in an invariable ratio, then 
the locus of P is a Conic Section. 

The point S is called the focus, and the line XX the 
directrix. Since SP may be always equal to PJf, or always 
less than PM in a constant ratio, or always greater than PM 
in a constant ratio, there will be a distinct species of Conic 
Section corresponding to each of these cases; in the first 
case the locus of P is called the Parabola, in the second the 
Ellipse, and in the third the Hyperbola^ 

The condition of SP being equal to, or less than PMy 
can only be satisfied when P falls on the same side of 
XX with aJ; biit that of SP being greater than PM^ 
may evidently be fulfilled, on whichever side of jOT, P 
is taken. Therefore the Parabola and Ellipse will lie entirely 
on the same side of the directrix, as the focus does,, by 
which they are described; but the Hyperbola will lie on 
both sides of the directrix. 



SECTION VI. 

ON THE PABABOLA. 



Various Forms of the Equation to the Parabola. 

69. To find the equation to the parabola. 

The parabola is the locus of a point, whose distance from 
a given point is always equal to its distance from a givea 
fixed line. 

Let KX (fig. 26) be the given fixed line, and S the given 
point, from which draw SX perpendicular to JT^, and bisect 
\X.\VL A\ then ^ is a point in the curve ; and since the dis- 
tance SX is known, let it equal 2 a, and consequently AS = (u 

Draw Ay parallel to KX^ and take A for the origin, 
and Aoo^ Ay, for the rectangular axes of* the co-ordinates ; and 
let P be a point in the parabola, on the same side of KX 
as S, and AN = a?, PN « y, its co-ordinates ; then drawing 
PM perpendicular to KX, and joining SP, 

SP" = P J/», 

or PN"" + SN^ '^ XN", 
or y^ + (w - a)* = (tV + a)' ; 
,\ y' 8 4aa?, 
the equation required. 

7^' To trace the parabola by means of its equation 
(fig. 26). 

Solving the equation, we get y =» =fc 2\/aa?, 

which shews, since for each positive value of a there are two 
equal values of y with contrary signs, that the axis of .r, Xx^ 
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is an Axis of the curve, (Art, 63) ; and that the origin A 
is a point in the curve, since ^ = 0, gives y^O; and that 
no part of the curve is situated to the left of Ay for a nega- 
tive value of tV makes y imaginary ; but that as <r increases 
from zero to infinity, y also increases from zero to ±oo . 
Moreover, as we shall soon see, the tangent at the vertex 
is perpendicular to the axis; therefore about the vertex, 
and consequently at every point, the curve is concave to- 
ward its axis, otherwise it might be intersected in more 
than two points by a straight line, which is impossible, 
(as will appear. Art. 89). The parabola has only one ver- 
tex, namely, the point A where it is met by the axis; and 
only one focus and directrix; and consists of two perfectly 
similar infinite branches Ax^ Az\ upon the same side of the 
axis of y^ and situated symmetrically with respect to the 
axis of «i7, to which they turn their concavities. 

71. The double ordinate through the focus is called the 
latus rectum of the parabola; to find its length, making 
^ ss AS = o, we get 

9« m 4^a^ ; .-. y =± 2a - lyJS or SC ; 
and consequently BC = 4a. 

Hence, if P be any point in the curve, we have 

or, the square of the ordinate is equal to the rectangle of 
the latus rectum and corresponding abscissa, and consequently 
varies as the abscissa. 

Hence it is easy to determine any number of points in 
a parabola, whose latus rectum is known. Having taken 
SX ^ \l^t* rect. (fig. 26), through any point N in the axis 
erect the perpendicular PP^ ; then with centre S and radius 
equal to JCN describe a circle cutting the perpendicular in 
P, P' ; these are evidently points in the curve. To describe 
the parabola by a continuous motion, make a right-angled 
triangle KMRy having a string, length MR^ fastened at R 
and the other end at S^ slide along the directrix, and 
at the same time make a point P slide along RM so as always 
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to confine a portion of string PR against RM; then the 
point P will trace out a portion of the parabola, for SP will 
always equal PM. If the angle RMK were acute, the locus 
of P would be a hypferbola, because SP « PM would be 
always greater, in a constant ratio, than the perpendicular 
distance of P from the line KX. 

72. Let the origin be a point C (fig. 27) in the curve, 
and let the axis of the abscissae be a line perpendicular to 
the axis of the parabola, passing through C ; and let CM = tr, 
MP = y, be the co-ordinates of any point P, and CB = A, 
AB = ky those of the vertex ; then 

PN^^^a.AN, 

or {h - wy s 4a(Ap - y), or - 2hx + a?* « - 4ay, 

since hf « ^ak ; or «■= — w « 

^ 2a 4a 

another form of the equation which is sometimes useful. 

73. To express the distance of any point in the parabola 
from the focus, in terms of its abscissa. 

By Definition, SP «= PM (fig. 26), 

.'. SP^w + a. 

74. In expressing, as above, the distance of any point 
in the parabola from an assumed fixed point, it is only when 
the latter coincides with the focus that the expression becomes 
rationaL 

For let ^', y\ be the co-ordinates of the assumed point ; 
a?, y, those of the point in the parabola^ and d their distance ; 
then 

dP={iv -- a/y + (y - y'y = aP - 2^a?' + o?'^ + ^ - ^yy + y^ ; 

but y =a 2\/aXj therefore cF, and a fortiori d, cannot be 
rational in terms of ^, unless the term 2yy vanish, which 
gives y' = ; then, replacing j^ by its value. 
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which must be a perfect square ; 



.-. 4^* 


«4(2a 


- err. 




= 2a - 


^', 


y 


= o. 





which, with the value y' « 0, indicates the focus ; this thea 
is the only point whose distance from every point of the curve 
can be expressed rationally in terms of the abscissa or rather 
of the co-ordinates of the point. For, relative to any origia 
and axes whatever, we should have SP '^ a + mw -^ ny + h 
(Art, 43). 

This is sometimes given as the definition of the focus. 
If we take the focus for origin, and suppose the co-ordi- 
nate axes to be moved through an angle 6, we get 



\/w^ + y'^ = 2o + w' cos -y sin 0; 

which shews that the equation ^^ + y* « (c + ma^ + nyy be- 
longs to a parabola of which the origin is the focus, provided 
m* + w* « 1* 

75. To find the polar equation to the parabola, the 
focus being the pole. 

Let SP ^Ty /. PSw = Qy (fig. 26) be the polar co-ordinates 
of any point P; then 

SP^PM^XS^SN, 

.or r = 2a + rcos0, 
.*. r(l - COS0) = 2a; 
2a 



or r = 



1 — cos 9 ' 



Sometimes the angle of revolution is measured from that 
part of the axis which passes through the vertex ; in which 
case, if ASP = ff^ putting tt - ^ for 0, and therefore - cos ff 
for COS0, we get 



2a 

1 + COS ff * 



45 



Tangent and Normal to the Parabola. 

76. To find the equation to the tapgent of a parabola 
at a given point (fig. 28.). 

We shall regard the tangent as a secant which passes 
at first through two points of the curve, and then turns about 
the given point till the other moves up to and coincides with 
it ; there will be thus determined one definite position of the 
line which meets the curve without cutting it; for if, after 
P has moved down to P, the line turned further about P 
in the same direction, it would cut the curve again below P. 
If m be the tangent of the angle which it ultimately makes 
with the axis of ^, and x\ y\ the co-ordinates of the given 
point P (fig. 28) its equation will be 

y - y 9 fn(x ^ a/), (Art. 20), 

where m is to be found in terms of a/ and y. 

Let <v\ y'y be the co-ordinates of another point P in 
the parabola near the given point; if we draw a secant 
through these two points, and denote by a th^ angle which it 
forms with the axis of ^, we have (Art. 6), 

♦on ' y ^y 

tan a « —^ ^ , 

But the points being in the parabola, we have 

9'««4aa?", 9'»=4ay; 
... y"2_y'2^4a(^"-a?'), 



y"-y' 


- 


4a 




w" - a! 


y" + y' 


) 


tana' 




4a 


.1 



y +y 



Now let P move up to and coincide with P, then a;" «= a?', 
'ff* B y\ and the secant becomes the tangent at {x\ y) ; there-^ 
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fore, denoting by a the angle PTN which the tangent makes 

with the axis of a?, we get 

4a 2a 
matana»--7" ^-7? 

and consequently the equation to the tangent is 

y-y =-t(^-^), 

or, multiplying by y and observing that y^^^aaf^ 

yy' = 2a(^ + a/); 

in which af\ y\ are the co-ordinates of the point of contact, 
and Xy yj co-ordinates of any point in the tangent line ; or^ 
lastly, in terms of its inclination to the axis» the equatioa 
to the tangent is 

y = mw + — )- = mx + iy' « ma + — . 

y ^ 

2a 
77« If in the formula tan aw — , we make y = 0, we 

find tan a » 90 ; therefore the tangent at the vertex is per- 
pendicular to the axis. Also if we suppose y' to increase up 
to infinity, a decreases to zero; therefore the tangent to the 
parabola continually tends to become parallel to the axis. 

Hence, the equation of Art. 72 may be put under the 
form 



y^atanB -. 

4ia 

putting z TCB = /3 (fig. 27) ; for cot TCB « — . 

h 

78. In any curve the distance between the foot of the 
ordinate to any point, and the intersection of the tangent at 
that point with the axis, is called the subtangent. 

In the parabola, the subtangent is double of the ab- 
scissa; 
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For TN X tan PTN = PN (fig. 29), 
or (Art. 76) TN x — = «'; .-. rJNr= ^ « 2^7' = 2^A^. 

This result may also be obtained by making ^ = in the 
equation to the tangent ; this gives a? = — a?', and proves that 
the point T where the tangent meets the axis of Wj is situated 
to the left of ^, and at a distance AT = AN. Hence, adding 
AN to ATy we have the subtangent TN^ ^AN. 

This property furnishes a simple construction for drawing 
a tangent to a parabola at a given point of the curve. 

If P be the given point, and AN^ NP, its co-ordinates, 
we have only to take in NA produced, AT ^ ANj and join 
TPj then TP is the tangent required. 

79. In any curve, a line drawn through the point of 
contact perpendicular to the tangent is called a normal ; and 
the distance between the foot of the ordinate, and the inter- 
section of the normal with the axis of ^, is called the sub- 
normal. 

In the parabola, the subnormal is equal to half the latus 
rectum. 

For if PG be perpendicular to PT, since in the triangle 
TPG (fig. 29), PN is drawn from the right angle perpen- 
dicular to the opposite side, 

NG X TN^ PN\ or NG ^^w^ 4>aw ; 

.•. NG = 2a = half the latus rectum. 

80. This result may also be obtained by finding the 
equation to the normal at the point {af\ y) of the parabola. 

It will be of the form y — y' ^ m {w - iv)\ and since the 
normal is pefpendiculpt to the tangent whose equation is 

2a 
y - »' = — (^ - ^h (Art. 76), 

y 
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we have m' = = - — (Art. 2S) ; 

therefore the equation to the normal is 



BOW make the ordinate of the normal y = 0, then a? — a?' sa 2 a, 

or AG- AN ^NG-- 2a, 

Also since y' = - 2 am', or' = — = am\ the equation to 

4a 

the normal in terms of its inclination to the axis, is 
y + 2am' ^ m'(af — arn^). 

81. Since ST ^ AS + AT ^ a -^ x, 

and SG « SN + NG = a?-a + 2a«a + ar, 
we have SP ^ ST ^ SG (Art. 73). 

Draw Py through P parallel to the axis, 
then z tPw = PTS = SPT, since SP ^ ST ; 

also z GPof' = 5PG. 

Hence the tangent and normal at any point make equal 
angles with the focal distance of that point, and with a line 
drawn through it parallel to the axis. 

82. These properties furnish a simple method of drawing 
a tangent to a parabola through a given point. 

First, let the point be in the parabola, as P (fig. 29) ; 
join SPy and with centre S and radius SP^ describe a circle 
cutting the axis in T and G ; then if PT and PG be joined, 
they are the tangent and normal at P. 

83. Next, let the point be without the parabola, as T 
(fig. SO) ; and with centre T and radius TS describe a circle 
cutting (as it necessarily must, since T is nearer to the 
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directrix than to the focus) the directrix in two points M 
and M ^ through which draw two parallels to the axis, meeting 
the parabola in P, P', these are the points of contact ; for 
the triangles MPT^ TPS^ are equal in all respects, there- 
fore z TPM = TPS^ and PT is a tangent at P ; similarly, 
TP is a tangent at P'. 

It may be observed that the tangents TP, TP*, subtend 
equal angles at S\ for Z.TMP ^ jLTM'P^^ being comple- 
ments of the equal angles TMM\ TM'M\ therefore, 
z TSP = TSP. Also z SPT = TPM = compl*. of PMS = 
SMM'^STP'-, therefore the triangles STP, STF are 
similar ; hence 

ST" = aJP. SP', and -— r; = , „^^ = -— , . 

84. The problem of drawing tangents to a parabola 
from an external point, may be also solved by means of the 
equation to the tangent, as in the case of the circle. 

Let A, A;, be the co-ordinates of the given external point, 
and 0?', y'i those of the unknown point of contact ; then 
since a/ and y' must satisfy both the equation to the tangent 
and that to the curve, we have, to determine them, 

ky = ^a{h + w), y^ = 4a«r' ; 

and if we construct the straight line represented by the 
former, considering w and y as the variables, the points in 
which it intersects the parabola ai-e the points of contact. 

Hence it follows that if a pair of tangents to a parabola 
be drawn from an external point (A, A;), the equation to the 
chord joining the points of contact is 

ley =2a(a? + A); 

for it is the equation to a line which determines, by its 
intersectioa with the parabola, the points of contact. 

To find the angle a between the tangents that intersect 
4 
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in a given point we have, if aiz, in\ he the tangents of the 
angles which the touching lines make with the axis, 

(l + mmy tan^ a = (w - mfy = (m + w')* - 4imm\ 



or 



(l+^)ta^««=(-)•-^^ 



since m, m\ are the roots of mrh — m& + a = 0, (Art. 76). 

If a be invariable, then (a + ft)^tan^a '= k^ — 4iah, or 
(a + hy sec^ o = A^ + (A - o)^ is the equation to the locus of 
the intersection of two tangents to a parabola that include 
a constant angle, and represents a hyperbola with the sanae 
focus. 

85. The locus of the foot of the perpendicular dropped 
from the focus upon the tangent to a parabola, is the line 
touching the parabola at its vertex. 

Let PT (fig. 29) the tangent at P, meet -4y, the line 
touching the parabola at its vertex in F, and j^in SY; then 
because TN is bisected in A^ PT is bisected in Y since -4y 
and PN are parallel (Art. 77) ; and since SP «= STy the 
triangles SPYj STY, are equal in all respects ; therefore 
SY is perpendicular to PT, Hence the tangent at any point» 
and the perpendicular upon it from the focus, intersect ia 
the line which touches the parabola at the vertex. 

Also, from the right-angled triangle SYT, since AY is 
drawn from the right-angle perpendicular to the opposite 
side, we have 

Sr^STxSA=^SPxSA, 
or p^ rsar^ denoting SP, SY, by r and p respectively. 

86. Let the tangent at P (fig. 31) meet the directrix 
in Q, draw PM perpendicular to the directrix, and joia 
SQ ; then SP = PM, PQ is common to the two triangles 
SPQ, QPMy and z SPQ = QPM by what has bewi proved ; 

.\ Z QSP » PMQ = a right angle. 
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Hence if a perpendicular through the focus to any focal 
distance SP, intersect the directrix in Q9 and QP be joined, 
QP is a tangent at P. 

Therefore, producing PS to meet the parabola in P' and 
joining QP', this is a tangent at P'; and since Z PQS= PfiM 
and z PQS = P'QJIf , we have z PQP' = ^tt. Hence the 
tangents at the extremities of any focal chord intersect at 
right angles in the directrix ; and the line joining their 
point of intersection and the focus, is perpendicular to the 
chord. 

87* Any circle passing through the points of intersection 
of three tangents to a parabola, will also pass through the 
focus. 

Let P, Q, P', (fig. 77) be the three points of contact, 
L'f jJf, iV, the three points of intersection. Draw SD^ SE, 
«VP, from the focus to the points where the tangents cut 
the tangent at the . vertex ; these are respectively perpen- 
dicular to the tangents. Then 

z LMN^DTS + FRS^SDE + SFE 
« SLE + SNE « -jT - LSN ; 

therefore a circle may be described about the quadrilateral 
MLSN. 

88. The results in Arts. S5 and 86 may also be ob« 

tained as follows. The equation to the tangent at (a?', y) 

being ' 

a - 2a 

y = mcB + — , where m = — 7 , 
m y 

the equation to a perpendicular upon it from the focus is 

hence the co-ordinates of the point of intersection are w ^Oj 
which characterises the tangent at the vertex, and 

a f/' 

W 2 

.-. SY^ ^a^ + y^^aJ' + aw ^ SP.SA. 
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Next let hj k be the co-ordinates of the point of intersec- 
tion of a pair of tangents, then the chord joining the points 
of contact has for its equation 

ky ^2a(jv + A); 

and if it pass through the focus, when ^ a a, j^ » ; 

.'. A s — a, the equation to the directrix. 

Also the equation to a perpendicular to the chord through 
the focus, is 

k 
y » (w -a); and when j? = - a, y ^ k; 

therefore the perpendicular passes through the intersection 
of the tangents. 

Lastly, let «r', y\ w\ y\ be the co-ordinates of the ex- 
tremities of the focal chord, then they satisfy its equation; 

y' a/ " a y^ - 4a* , ,. ^ 

••• — = -77 = -775 — TT' ^^ yy + 4a« = 0.; 

y so --a y - 4a* 

consequently the tangents at the extremities of the focal 
chord are perpendicular to one another. 



The Parabola referred to Oblique Co-ordinates. 

89. To determine the intersection of a straight line with 
a parabola. 

Let y = w a? + c, be the equation to any straight line ; 
if this line intersect a parabola whose equation is y* = 4a<27, 
and if w\ y\ be the co-ordinates of a common point, we have 

y ^mx' -^Cj y^ ss isax \ 
therefore, substituting —(y - c) for w' in the latter, we get 

T y + = 0, 
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the roots of which are the ordinates of the points where 
the straight line meets the curve, and the abscissas are known 

from a?' s= —• (y - c). Hence if the roots are real, the straight 

line will cut the parabola in two points, and it cannot cut 
the parabola in more than two points; if the roots are 
imaginary, the line falls entirely without the parabola. 

If the roots be equal, the points of section coincide, and 
the line is then a tangent ; and we have, since the first mem- 
ber of the equation is a perfect square, 

l6ac l6a* a 

= — T ' or c = — ; 

m fn m 

a 
.-. y = ma? + - , 

m 

is the equation to the tangent to a parabola, in terms of 
the angle which it makes with the axis, agreeably to Art. 76. 

90. Ta find the locus of the middle points of a system 
of parallel chords. 

Let Qi^ (fig. Si) be any chord whose equation is y=ma7-f c, 
V it? middle point ; draw VM perpendicular to A x^ then 

VM^ Q'N' + i(QJV- Q:N') = iCQ'JNT' + QJV) ; 

but the values of QiV, (iN\ are the roots of the equation 

, 4a 4ac 

sr y + = 0, 

m fn 

obtained by eliminating a between the equations to the para- 
bola and chord, as in Art. 89 ; 

m 

hence, denoting the ordinate of V by F, we have for the 

2a 
eq^uation to the locus of K, K = — , which represents a 

straight line PV parallel to the axis ; and since the equation 
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doe* not involve c, PV bisects all chords for which m is the 
same, that is, the system of chords parallel to QQ\ 

91. The line PV is called a diameter of the parabola; 
and the semi-chord QF is called an ordinate to the diameter 
PV. 

Hence all diameters of a parabola are straight lines parallel 

to the axis ; and conversely, every straight line parallel to 

the axis may be considered as a diameter of the parabola; 

2a 
for by giving m a suitable value in the equation F = — 9 

Y may become equal to any quantity we please. 

92. Suppose a diameter Pw to be drawn at a distance 
y from the axis; then we have for this diameter 

2a . 2a 

— «y, or m«= — . 
m %f 

The quantity m is the tangent of the angle at which the 
diameter in question meets the chords which it bisects; it 
is also (Art. 76) the value of the tangent of the angle which 
the line touching the parabola at P, makes with the axis 
of ^; therefore the chords bisected by any diameter, are 
parallel to the tangent at the extremity of that diameter ; 
as might have been foreseen ; for of the parallel chords which 
PV bisects, that which is indefinitely near to P, will ultimately 
coincide in direction with the tangent at P. Hence, also, 
the diameters bisect the corresponding chords at different 
angles varying from a right angle to zero. (Art. 77). 

In order that m may be infinite, we must have y' « ; 
hence the axis of w is the only diameter which bisects its 
ordinates at right angles, or is the only axis of the parabola. 

93. To find the equation to the parabola when referred 
to the system of oblique axes formed by any diameter, and 
the tangent at the extremity of the diameter. 

Suppose the new origin to be a point P (fig. 32) in the 
curve, and h and k its co-ordinates ; then between h and k 



■^rrraw 
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we have the relation A^ « 4aA ; also let the diameter Paf 
be the axis of (6\ and the tangent at its extremity, Ty^ the 

axis of y; and let lyPx^a^ then tan a = -r- (Art. 76). 

Liet AN =5 a?, JVQ = y, be the co-ordinates of any point Q 
reckoned from the vertex as origin; and PV^a}\ QV^y\ 
its co-ordinates referred to the new axes ; then VR =» y cos a, 
MQ = y' sin a, and 

af «= AM -¥ MN=h + /r' + y'cosa, 
y = NR + JJQ = A? + y' sin a. 



Now substituting in the equation ^ « 4a^i?, we get 

(y' sin a + A;)^ = 4a(,i?' + y' cos a + A), 

or y'* sin^ a + 2yk sin a + A;^ «= 4fl^' + 4oj/ cos a + 4aA, 

or y'* sin* a = 4a«r', since A;* = 4a A, and A; sin a ^ g a cos a. 

But (Trig. 18) -— — = a 6odec* a = a (l + cot* a) 

sm'a 

.-. y* = 4^P . 0?' = 4a 0?', if SP = a , 
or QV" ^ 4>SP . PV. 

94. The coefficient 4*S'P, by which one diameter differs 
from another, is called the parameter of the diameter to 
which the parabola is referred ; it is equal to four times 
the distance of the focus from the extremity of the diameter. 
It is also equal to the double ordinate passing through the 
focus. For draw QQ' (fig. 33) through the focus S parallel 
to the tangent PT; then PV^ST^^SP, 

•'. QV^^SPj and QQ' ^ 4,SP. 

95. The equation to a parabola being of the same 
form when referred to a diameter and the titngent at itn 
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extremity, as when referred to the axis of the parabola, the 
properties which are independent of the inclination of the 
co-ordinates, will be the same in the two systems. Hence, 
taking y^ = 4a'^'for the equation to the parabola referred 
to the oblique axes Pa?', Py\ (fig. Sb)^ the equation to the 
tangent at a point Q (jxi\ y) will be (Art. l6) 

where — y denotes the ratio of the sines of the angles which 

y 

the tangent makes with the axes of or and y (Art. 30) ; and 
when the tangent meets the axis of a?, we shall have a; = — >v\ 
or Pr= PV; i. e. the subtangent equals twice the abscissa of 
the point of contact, in all cases. 

96. Also, if we wish to draw a tangent through an 
external point Q(A, k) (fig. 34), we have, to determine the 
points of contact {w\ y)j the equations 

y^ = ^d ob\ yk «= 2a' {w + h) ; 

the latter, considering of and y as the variables, being the 
equation to the chord joining the points of contact ; and 
if this line be constructed by taking 

-^^ , «^ 2 a' A 

PT=--hy PR^ — — , 

k 

and joining TR^ it will cut the parabola in the two points 
of contact. 

97« Since the distance PT is independent of Ar, if 
through Q we draw a line parallel to Py\ and from any 
other point in this line we draw a pair of tangents to the 
parabola, the secant passing through the new points of contact 
will cut the diameter Pw in y, as this point only changes 
when h changes. Hence if from the several points of any 
straight line, pairs of tangents be drawn to a parabola, the 
secants joining the corresponding points of contact will all 
intersect in the same point ; and conversely, if through any 
point we draw different chords, and draw two tangents at 
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the extremities of each, the locus of the intersection of the 
tangents will be a straight line. 

Hence it appears that the same equation ky ^ 2a(iV -^ h) 
represents (l) the tangent at the point (A, k) of the curve; 
(2) the chord of contact of two tangents drawn from an 
external point (A, k) ; and (d) the locus of the intersection 
of pairs of tangents applied at the extremities of all chords 
passing through any point (h^ k), 

98. The tangents at the extremities of any chord will 
intersect in the diameter of which the chord is an ordinate. 

For taking the diameter and the tangent at its extre- 
mity as axes, the equation to the tangent will be 

Js yy = 2a' (a? + a?') ; 

using the upper or lower sign, according as we consider the 
point Q (of', y'), or the other extremity of the chord Q', whose 
co-ordinates are w\ — y', to be the point of contact (fig. 35) ; 
and in both cases y = when a? « - a?' ; therefore the tan- 
gents meet the diameter in the same point T. 

99* Having given the parameter of any diameter of a 
parabola, and the inclination of the corresponding ordinates, 
to describe the parabola. 

Let Pw be the given diameter (fig. 33) ; draw the line 
yPT at the given inclination to Paf\ this line will be a 
tangent to the parabola at the point P. Make the angle 
TPS = yP^\ and PS = a quarter of the given parameter ; 
then S will be the focus. In PV produced backwards take 
PM = PS J and draw ML perpendicular to Maf\ this will be 
the directrix ; and the focus and directrix being known, the 
parabola can of course be described. 

100. If a parabola be traced upon a plane, we may 
determine its axis by drawing two parallel chords QQ\ qq' 
(fig. 35)y and drawing a line W through their middle points, 
this will be a diameter. And if we draw any chord QR 
perpendicular to it, and through the middle point of QR 
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draw AN parallel to VV^ this will be the axis of the 

parabola, and if from P we draw a line making with the 

tangent at P an angle equal to y' Pob\ it will intersect the 
axis in S the focus. 

101. If through any point within or without a para- 
bola, two lines be drawn parallel to two given straight 
lines to meet the curve, the rectangles of the segments will 
be to one another in an invariable ratio. 

Let O be the given point (fig. 36), Qq a line drawn 
through it in a known direction, and therefore an ordinate 
to a given diameter PV\ draw the diameter A^O, and A'v 
parallel to Q^; then 

QOxOq^ QP- rO" = 4,SPxPr-- 4SPxPv « A^SPxA'O. 

Similarly, if Q'q' be an ordinate to the diameter whose ex* 
tremity is P', passing through O, 

Q'0x0q'^4SP^y^A'0; 

.-. QOxOq : Q'O x Oq :: SP : SP^, 

a ratio independent of the position pf O. 

If one of the lines be parallel to the axis, then it is 
the ratio QO x Oq : JlO that is invariable, however Q9 
and AO move parallel to themselves. 

102. Hence if we suppose Q^, Q[q^ to move parallel to 
themselves till they become tangents to the parabola at the 
points P and P ^ and intersect in a point O without the 
curve, we have agreeably to Art. 83, 

OP" : OF"" :: SP : SP. 

103. Any parabolic segment ANP cut off by a diameter 
and its semi-ordinate, is two-thirds of the parallelogram whose 
sides are the abscissa AN and the ordinate NP. 

Let JVP, N'P (fig. 37), be ordinates to the diameter 
AN; at P, P, draw tangents meeting the diameter in T^ 
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T*, and one another in Jf. Join PP and draw RK parallel 
to AN^ meeting PP in /, and bisecting it in that point 
(Art. 98) ; and draw KH perpendicular to AN. 

Then area of triangle TRT ^ ^TT x KH, 

area of trapezium N'P'PN = NN' xKH^ TT x KH, 

(Art. S5) since AN^AT, and AN* ^AT. 

Hence the trapezium is double of the triangle. Similarly 
we may shew that trapezium N^'P^'P^N' is double of the 
triangle T'iZ'T", and so on. Hence the sum of the trapeziums 
is double of the sum of the triangles; and therefore the 
parabolic segment APN, which is the limit of the first sum, 
is double of the exterior segment APT, which is the limit 
of the second sum. Hence the segment ANP is two-thirds 
of the triangle TNP, or two-thirds of the parallelogram 
contained by AN^ NP. 



SECTION VII. 



ON THE ELLIPSE. 



VariouB Forms of the Equation to the Ellipse. 

104. To find the equation to the Ellipse. 

The ellipse is the locus of a point, whose distance from 
a given point is always less than its distance from a given 
fixed line, in a constant ratio. 

Let S (fig. 38) be the given point, and KK* the given 
fixed line; and from S let fall the perpendicular SX upon 
KE!. Let P be a point in the ellipse ; join SF and draw FM 
perpendicular to KX^ and let the constant ratio of SP to FM 
be e : 1, 6 being less than 1 ; then F is on the same side of 
KK" as aS. Divide SX in A so that SA : AX :: c : 1, 
then ^ is a point in the ellipse; and since the distance 

P 
SX is known, we may assume AS = p, therefore AX = - . 

Through A draw Ay parallel to KX^ and take A for the 
origin, and Awy Ay, for the rectangular axes of co-ordinates; 
and let AN = /p, FN = y, be the co-ordinates of P, so that 

SN^of-p, XN^of-^-^. 

Then SP'^^.PM*, 

or SN* + NF* = e" . XN\ 

or {w - pY + y° •'e/' l- + x] - (p + eaiy ; 
.•. y* = 2p (1 + e) « - (1 - e*) Of* 



(^-^)-(r?-e^-^)' 
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P 

or, if we replace the known quantity by a, 

^ * 1 — c 

y2=:(l -e2)(2aa?-a?2), 
the required equation. 

105. To determine the points where the curve cuts 
the axis of a?, make y = in this equation ; then ^ = or 
^ = 2a ; the value a? = 0, gives the point A already known ; 
the other value a? = 2 a = AA\ determines the point A\ 

Bisect AA' in C, then making in the equation to the 
ellipse w^ AC ^a, we get 

j^ = (l - ^) a\ or y = ± a v/l - e\ 

If therefore through C we draw BB^ perpendicular to 
AA', and take CB = Cff = a \/l -e* ; 5, -B', are points in 
the ellipse; and denoting BB* by 26, we have 

, 6« 

av 1 — e^ a 6 and 1 — c^ «= — > 

and the equation to the ellipse becomes 

b , 

a 

106. In order to transfer the origin to C, since 
AN ^ AC + CN^ we must change w into o +/»'; therefore 
the equation to the ellipse referred to its center and axes, 
becomes 

jO TO 

y« = ^ {2a (a + w') - (o + wj} - ^ (a* - *'0. 
or, in slightly different forms, suppressing the accent, 

a^y' + 6V = a^6% or — + —-«!. 

This form of the equation shews that the origin is the 
center of the ellipse, and that the axes of the co-ordinates 
are Axes of the ellipse (Art. 64) ; but the term, axis, is more 
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particularly appropriated to the portions of those lines, 
A A' = 2o, BB* SB 26, which fall within the curve; of these 
the greater (which passes through the foci, as we shall see) 
is called the major axis, and sometimes the transverse axis; 
and the other the minora or conjugate axis. Their ex- 
tremities A^ A\ J5, 5', are called the vertices of the ellipse, 
and their intersection, as has been said, the center. 

107* To trace the ellipse by means of its equation. 

The equation to the ellipse referred to its center and 

axes is 

h , 

a 

Hence as w increases positively from zero to a, the two 
values of y are real, and diminish from h to zero, and give 
the portion of the curve BA'B' (fig. 38); but when w ex- 
ceeds a, the values of y become imaginary, and theiiefore 
no part of the curve lies beyond A' ; also the curve in 
every one of its points must have its concavity turned towards 
the center, otherwise it might be cut by a straight line in 
more than two points, which is impossible, (as will appear 
Art. 137). Hence, since the portion of the curve situated to 
the left of BB^y is precisely similar and equal to the portion 
situated to the right, the shape of the curve is that of the 
oval ABAB\ surrounding the center on every side, and every 
point in it being at a finite distance from the center. 

108. Since the ellipse is symmetrically situated with 
respect to the axes AA\ BB^y if we take CH = CSy Cos « CJT, 
and draw kw perpendicular to AA'^ there is no reason why 
the curve may not be described by means of the focus H 
and directrix kwy just as well as by means of S and KX, 
Hence the ellipse has two foci S and H, equidistant 
from C 

P 
Also, since (Art. 104) a = -^— , we have AS = p = o (l -e) ; 

SC 
••• SC = AC - AS « a - a (1 - ^) « ae, and e « — — . 
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109. The quantity «, which expresses the ratio of the 
distance between either focus and the center, to the semi- 
axis major, is called the eccentricity. * 

Since (Art. 105) 5 = a v/l — e*, the eccentricity e, ex- 
pressed by the semi-axes, is equal to — — I! — . 

a 

Hence SC = ac = \/d?^ - 6% and .'. BS = a ; 

and if with center B and radius equal to the semi-axis major 
we describe a circle, it will intersect the major axis in the foci. 

Hence also, each focus divides the major axis into the 

segments a — \/a* — 6% a + y/d'^ - 6% the product of which 
equals the square of the semi-axis minor; that is, 

AS.AS^BC?. 

a (1 - c) 



e 



110. Since AS ^e.AX^ we have AX ^ 

e ae CS 

andSX^SA-^AX^^SlSi^^^; 

e CS" 

which determine the directrix relative to the center, and 
focus. 

111. The double ordinate passing through the focus 
is called the latus rectum. 

To find its value, make w = CH s ae in the equation 

y« « - (o« - w% (Art. 106) 

Or 

then j^ = ~ (a* - a«e«) = 6^1 " O = -; (Art. 105) 

a 

.'. LL' =s — or = 2a (1 — c*). 
a 
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112. If the distance SC between the focus and center 
of an ellipse be supposed to become infinite, the distance 
AS between the* focus and vertex remaining finite, the 
ellipse will be changed into a parabola. 

For since — =! 1 - 6*, the equation to the ellipse reckoned 
from the vertex, may be written 

f = 2rt(l - e*)cv - (1 - e^)w\ 
or y* » 2p (1 + e) ^ - (1 - e^) a^, ii AS^a{\^e)^ p. 

SC SC 1 



But (Art. 108) e = 



AC p + SC o ' 

1 + -^— 
^SC 



let SC = CO ; .-. c « 1 ; 
.\ y- = 4^0?, the equation to a parabola. 

Hence, if any result be obtained for the ellipse, we may, 
by this modification, adapt it to the parabola ; that is, by 
expressing it in terms of AS and SC^ and then making 
SC = 00 , the origin of co-ordinates being supposed to be at 
the vertex or focus. 

113. When a = 6, the equations to the ellipse become 
y^ = 2a/p - ar^ y^ ^ d^ ^ a?^ (Arts. 105, 106), 

which represent a circle ; hence when its axes are equal, the 
ellipse becomes a circle. 

Upon the major axis as diameter describe a circle (fig. 39), 
and produce the ordinate NP of the ellipse to meet it in Q ; 
then making CN = a?, NP = y, NQ « y', we have 

y = - v/a* - a?*, y = y/a^ - w^ ; 
a 

• • y = -y ; 

which shews that, corresponding to the same abscissa, the 
ordinate of the ellipse is to the ordinate of the circle in the 
constant ratio of the smaller to the larger axis ; consequently 
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the ellipse may be described by diminishing all the ordinates 
of the circle in that ratio. 

b^ b^ 

114. Since y^ = — {a^ - a^) « ~ (a + ai).{a- w)j 

gives PJV* = -^ X J'N X AN (fig. S9), 

we see that the square of any ordinate is to the rectangle of 
the corresponding segments of the major axis, as the square 
of the semi-axis minor to the square of the semi-axis major ; 
and that, consequently, the square of the ordinate varies as 
the rectangle of the corresponding segments of the major 



axis. 



116. To express the distances of any point in the ellipse 
from the foci, in terms of its abscissa. 

By Definition, (fig. 38), 

SP^e.PM^e{CX+CN)^e{^ + i^ (Art. 110) 

= a + ew. 
HP^e. Pif = c (C^ - CN) = c p - /r^ 

since 6 is less than 1, and w is always less than a^ this 
expression for HP is always positive. 

If w be measured from Sy then 

SP^e.PM^e {SX+ SN) = a(i - c^ + ew. 

11 6. In expressing, as above, the distance of any point 
in the ellipse from an assumed fixed point, it is only when 
the latter coincides with one of the foci, that the expression 
becomes rational in terms of the abscissa of the point. 

For let w\ y', be the co-ordinates of the assumed point, 
jffy y, those of any point in the ellipse, and d their distance, 
5 
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then cP = (a? - ^')* + (9 - y'Y 



But y = - \/a* - af*, therefore d*, and a fortiori d, cannot 
a 

be expressed rationally in terms of w^ unless the term Zyy 

disappear, which gives y' « ; then replacing j/^ by its value, 

we get 

which must be a perfect square; 



... 4 f 1 - I5) (/« + V) = 4^^ . 



or 



0?' s sL v/a* — 6*. 



These values require that a should be greater than 6, 
i.e. that the abscissae should be measured along the axis 
major ; and with y' » 0, they determine, as we perceive, the 
two foci S and H, These then are the only points whose 
distances from every point of the curve can be expressed 
rationally in terms of the abscissa, or rather of the co-ordi- 
nates of the point. For, relative to any origin and axes 

whatever, we should have SP = a + e {mw + ny + A). 

• 

This is sometimes given as the definition of the focus. 
If the co-ordinate axes were turned about the focus through 

an angle 0, the formula \/a? + y* = a(l - e*) + ex would be 
transformed into 



\/^'^ + y^ = a (1 - c*) + e {x cos - y' sin 6) = c + mw + ny\ 

Hence we see that a?* + y^ = (c + 7ii^+ nyY represents 

an ellipse with its major axis inclined to the axis of x at 

n 

an angle whose tangent = , and of which the origin is 

tn 

one of the foci, provided m? -^ n^<l. 
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117. Hence, by addition we get 

or, the sum of the focal distances of any point in the ellipse 
is constant, and equal to the major axis. Also, for a point 
not in the curve, the sum of the focal distances is greater 
or less than 2 a, according as the point is situated outside 
or inside the ellipse (Eucl. i. 21). 

This property affords a simple method of determining 
any number of points of an ellipse of which we know the 
foci and axis major. In AA take any point F (fig. 40), and 
witl> centre S and radius A'F describe a circle ; next with 
centre H and radius AF describe another circle, cutting the 
former in P, P', these are manifestly points in the ellipse. 

When the ellipse is to be very large, we may describe 
it by fastening in the foci the ends of a cord of the same 
length as the axis major ; then if we make a pole slide along 
the cord so as to keep it stretched, the ellipse will be traced 
out by the extremity of the pole. 

This property also furnishes the following method of in- 
vestigating the equation to the ellipse. 

118. To find the locus of a point, the sum of whose 
distances from two given points is constant. 

Through the two fixed points *y, H (fig. 40), draw the 
indefinite line Sw\ bisect SH in C, and draw yC perpen- 
dicular to it, and take Co?, Cy, for the axes of the co-ordi- 
nates, as the locus of P will evidently be symmetrical with 
respect to these lines. Let 8C = CH = c, CN = ^, NP = y, 
the co-ordinates of any point P, and SP + HP =z^a; 

then AyP^ = (a? + c)« + /, 

^P«=(a?-c)s + y^ 

.-. SF" - HF', or Sta(SP - HP) = 4^ca; ; 



.: SP-HP = , 

a 



5—2 
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but SP-^HP^Za\ 

a 

/. a* + Sea: + — =- = a?" + 2ca? + c* + y% 

a 

.-. y* IB or -c* — ar, or y« = — (a* .- ar). 

Now SP + HP is greater than SH^ or a is greater than 
c, therefore a^ — c^ is a positive quantity; hence, comparing 
the above with the equation to an ellipse 

we see that the equations are identical, and consequently so 
are the curves which' they represent, if 6^ = a* - c* ; therefore 
the required locus is an ellipse whose major axis is 2 a, and 

minor axis 2 y/a^ — c*. 

119. To find the polar equation to the ellipse, one of 
the foci being the pole. 

Let the polar co-ordinates of any point P be SP = r, 
LxSP^O (fig. 38); then 

SP^e.PM^e(XS + SN), 



or r 



(a (1 ~ c*) ^1 , ^ 

=^e<— ^ + rcos0WArt. 110); 

.*. r (l - c cos 0) = a (1 - c*), 

a(l-c^) 



or r = 



1 — e cos 



We have measured the angle from that part of the 
axis major which passes through the vertex furthest from 
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the pole; sometimes it is measured from the nearer vertex 
A^ in which case if ASP = 0', putting ir-& for we get 

a (1 - e") 



T = 



1 + c cos Q' ' 



Of course if the other focus H be taken for the pole, 
the formulas will be exactly the same. 

120. To find the polar equation to the ellipse, the 
centre being the pole. 

Let CP = r, z ACP = (fig. 40), be the polar, and a?, y, 
the rectangular co-ordinates of any point P ; then x ^ r cos 0, 
y = r sin ; therefore substituting these values in the equation 

a* 

6* - 
which, since —• = i - e^, may be written 

air 

y* + (l - e^) tv^ = 6^, we get 

r' (sin« Q + cos- - e« cos' G) « 6S 

or r- (1 - ^ COST 0) = 6* ; 



r = 



v/i - e^ cos* e 



In this formula it is indifferent from which vertex the 
angle 6 is measured; it shews that of all lines drawn 
from the centre to the curve, the semi-Axis major is the 
greatest, corresponding to 6-0; and the semi-axis minor 
the least, corresponding to = ^tt. 

To get the polar equation from the centre in terms of 
the serai-axes, we must substitute r cos for a?, and rsin0 
for y, in the equation a^y^ + bV = a^b^ and the result is 
r^ (a« sin« d + b^ cos^ 9) = o'bK 
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Tangent and Nonnal to the Ellipse. 

121. To find the equation to the tangent of an ellipse 
at a given point. 

As in former cases (Arts. 55 and 76), we shall regard 
the tangent as a secant which passes at first through two 
points of the curve, and then turns about the given point 
till the other point moves up to and coincides with it ; so 
that if m be the tangent of the angle which it ultimately 
makes with the axis of w, and w\ y\ the co-ordinates of 
the given point, its equation will be 

y -- y' = m(w^ ar'), (Art. 20) 
where m is to be found in terms of a/ and y\ 

Let ar", y", be the co-ordinates of a point in the curve 
near the proposed point, and a the angle which the line 
joining them makes with the axis of <r; 



then tan a = —, j, . 



w —a? 



But the two points being in the ellipse, their co-ordi- 
nates must satisfy its equation; 

Subtracting the latter from the former, we get 
o2(y'2 - »"«) + ft* (a?'* - a?"0 = 0, 

y — y 0^ w + w 



which gives tana' 



/ It O * I // 

X " w or y -^y 



Now let the second point move up to and coincide with 
the first, then m' « a?', y' = y\ and the secant becomes a 
tangent at {x\ y') ; therefore, denoting by a the angle which 
the tangent makes with the axis of j?, we get 



Vaf 

m = tan a = -— - ; 

a?y 
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and consequently the equation to the tangent is 

or, under another form, recollecting that a^y^ + h^(B^ « d^V^j 

in which a?', y', are the co-ordinates of the point of contact, 
and (V, 9, co-ordinates of any point in the tangent line. 

V'ol 

122. The formula m = tan a = — r—, , since it does 

a^y 

not change when co and y are replaced by — w and — y\ 
shews that if PC be produced to meet the ellipse in JP' 
(fig. 39), the tangents at P and P' are parallel; as we 
might have foreseen from the symmetrical position of the 
ellipse, relative to the axes. 

Also it proves that at the points JB, jB', for which of = 0, 
y ^ ±6, tan a = 0, or the tangents are parallel to AJU ; and 
at -i, J! ^ for . which a?' = ± a and y = 0, the tangents are 
perpendicular to A A ; and that for intermediate points, going 
from A to B, the angle PTw^ which is always obtuse, con- 
tinually increases till PT becomes parallel to AA' at B, 

123. It, is sometimes convenient to have the equation 
to the tangent expressed in terms of the angle which it 
makes with the major axis. The equation last written down 
(Art. 121) gives 

y = m.r +-7; 

y 

h^ x' [arnY **^'* 



1 . i. * ^ (am\ 

but from w = — - — , we get ( — — I 

a^ y \ o J 



cfy" 






' .•. y Bs mx ± \/6* + m^a^f 

the lower sign referring to the point P. 



T.: 
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124;. To find where the tangent meets the axis major, 
put the ordinate of the tangent ^ » in the equation to the 
tangent; then l^ooco = a^6^, 

a?" CN 

As this result is independent of &, it will be the same for all 
ellipses constructed upon AA' as an axis ; consequently, if 
NP meet the circle whose diameter is AA' in Q, the tangent 
to the circle at Q will pass through T, 

Similarly, putting a? «= 0, to find where the tangent meets 
the axis minor, we get from the equation to the tangent 

y =-?, or Ct,PN-- BC. 

y 

Subtracting CN or x from the value just found for CT, 
we get the subtangent 

a , a — w^ 



NT^-y-x ^ 



OD x' 



125. To find the equation to the normal at any point 
of an ellipse. 

It will be of the form y - y = m' (x - a?'), x\ y\ being 
the co-ordinates of the proposed point ; and since the normal 
is perpendicular to the tangent, 

/ 1 ary 

w = = 72^,; (Art. 121) 

m Irx ^ 

therefore the equation to the normal is 

This equation, in the same way as for the tangent, may 
be expressed in terms of w'; for we get 



y - m'x + 7w' { 1 - ~-J 0?' = 0, 

\ mx ) 
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f I ^\ f 

• y ^ m w -{-m II -\x «0; 

but = Zi-^* "^- ^» 



.'. v a* + m'*6* = — ^ ; 



8 



126. The normal at any point bisects the angle between 
the focal distances of that point. 

First, to determine the point G, where the normal meets 
the axis major, make the ordinate of the normal y « 0, in the 
equation to the normal, 

.-. X « 0?' f 1 - — ^ , or CG^^. CN (fig. 41) ; 

and X ^ X ^ — o?', or the subnormal GN = — . CN. 

or or 

Hence SG^SC ^CG^ae^ ^x = e(o + ex) = e^.SPy 

and HG=^SC-CG^ae^e^x ^e{a-ex)^e.HP, (Art. 115) 

SG SP 

'* hg^Wp' 

and consequently the normal PG bisects the angle SPH 
(Euc. VI. 3). Also, drawing the tangent YZ at P, since 
z GPY = GPZy each of them being a right angle, and 
Z GPS « GPH ; therefore z ^PF = HPZy or the focal dis- 
tances make equal angles with the tangent on the same 
side of it; in other words the tangent bisects the exterior 
angle between the focal distances. 

127. Drawing GL perpendicular to SP we get from 
similar triangles 

or SG c... . . 

oL = — ^ . «yiV 8= e (ae + x) ; 
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.-. PL ^ SP - SL t=x a + ex - e (ae + a?) = a (l - 6*), 

which shews that if from G the foot of the normal at P 
we draw GL perpendicular to either focal distance, then 
PL = ^ the latus rectum. Also 

PL PL 1 +ecos A' SP 

tan SPY = cot SPG = ^i-zr «» — ^r^ — : — Firs ~ ^ — Fod~ ' 

Gi e.SP.smASP esm ASP 

which determines the angle at which the focal distance cuts 

the ellipse. | 

If we call ST^r, AST ^ 9, ASP ^ a, and SPT ^ (j), 
(fig. 30) we have 

SP sin SrP sin(d) + a-e) . .. . , ^. _ 

— = . ^^r^ = ^^ — -. ^=cos(a-&) + sm(a-0)cot0 

r sin^SPT sm0 ^ ^ v / r 

= cos(a-0)+sin(a-0).^-^^^^^={cos(a-0) + ecos0}-^j-^ 

a (1 - e^) 
.'. r = 



cos {a — 0) +e cos 

the polar equation to the tangent of the ellipse, which is 
sometimes of use. 

128. These properties furnish a simple method of draw- 
ing a tangent to an ellipse through a given point. 

First, let the point be in the ellipse as P (fig. 42). 

Join SP, HPy and produce SP to JT, making SK^^AC; 
join HK and draw PZ perpendicular to it, then PZ is a 
tangent at P. 

For in the triangles PHZ, PKZ, PK = %AC -SP^ PHy 
PZ is common, and the angles at Z are right angles, 

.-. lHPZ^KPZ^^SPY, 
and consequently PZ is a tangent at P. 

Next, let the point be without the ellipse. 

With S the focus furthest from T the given external 
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point, as centre, (fig. 43), and radius » qAC, describe a circle 
ICK' ; and with centre T, and radius equal to TH the 
distance of T from the other focus, describe a circle cutting 
the former in iT, JT'; join SK meeting the ellipse in P, 
and join TP; then TP is a tangent at P; for in the 
triangles TPK, TPH, PK = PH, TK = TH, and TP is 
common, therefore TP bisects the exterior angle HPK, and 
is a tangent at P ; similarly, if SK' be joined, it will meet 
the ellipse in P' a second point of contact. 

As long as. r is exterior to the ellipse, the circles must 
intersect. For if ST > 2 AC, T and H fall on opposite sides 
of the circumference JTJT ; but if ST be less than 2 JC, join 
ST and produce it to meet KK" in T' ; then ST+ TH > ST" 
(Art. 117), therefore TH> TT" ; and therefore in both cases 
the circles intersect. If KIT be joined, it is evident that 
jlTKP^ TK'P'i therefore THP ^ THP \ or the tangents 
drawn from an external point subtend equal angles at either 
focus. 

129. This problem may be also solved by means of the 
equation to the tangent. Let A, k be the co-ordinates of the 
given external point, and of, y\ those of the unknown point 
of contact ; then since a! and y must satisfy both the equa- 
tion to the tangent and that to the ellipse, we have, to de- 
termine them, 

It is evident that w and y will each have two values, 
therefore there will be two points of contact ; and if we 
construct the line represented by the former of these equations 
regarding w and y' as the variables, it will intersect the 
ellipse in the points of contact. 

Hence the chord joining the points of contact of two 
tangents drawn from a point (h, Ac), has for its equation 

and it meets the axes of the ellipse in points for which «''? = t > 
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2^ a — ; which values shew that if two tangents be drawn 

from any point in a line parallel to either axis, the chord 
joining the points of contact will pass through a fixed point 
in the other axis, and conversely. 

To find the angle a between the tangents that intersect 
in a given point we have, if w, m\ be the tangents of the 
angles which the touching lines make with the axis, 

(l + wm')^tan^a = (m - w')^= (m + m'y - 4mm', 



or 



/ A;*-6*\* , / 2hk Y k'-b* 



since m, m', are the roots of (A^ - a*)m^ - 2hkm + A;^ — 6* = 
(Art. 123). If a be invariable, then 

(h' + A:^ - «- - by tan^ a = 4>(h'b^ + k^o" - o^ft^) 

is the equation to the locus of the intersection of two tangents 
to an ellipse that include a constant angle. 

130. The locus of the extremities of the perpendiculars 
dropped from the foci upon the tangent to an ellipse, is 
the circumference of the circle whose diameter is the axis 
major. Produce any focal distance SP (fig. 42) to JT, so 
that SK^^AC^ join HK, and draw PZ perpendicular to 
it ; then PZ bisects HK^ and is a tangent at P (Art. 128). 
Join CZ, then since S£I is bisected in C and HK in Z, 
CZ is parallel to aSJT and equal to ^ SK^ AC. Also, drawing 
SYj CQ9 parallel to jETZ, CQ bisects YZ perpendicularly, 
and therefore CY= CZ = AC Hence the intersections of 
every tangent with the perpendiculars upon it from the foci, 
are at a constant distance AC from the centre of the ellipse; 
or are situated in the circumference of the . circle whose 
diameter is the axis major. 

131. Since C is the centre of the circle which is the 
locus of Y and Z, and SYZ is a right angle, and therefore 
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in a semicircle, if VS and ZC be produced to meet in It, 
this will be a point in the circle ; and from the equal triangles 
CZH, CffS, Sir =^ HZ; 

.: SYxHZ = SYyi SH' ^ AS x A'S = B(? (Art. 109). 

SY HZ SY SP . 

Also, since ^ = ^' /»r — = — (Art. 126) ; 

multiplying this equation by the preceding, we get 

SP 



SY'' = SC« X 



HP" 



or, if SY be denoted by p and SP by r, and consequently 
JSP by 2o — r, we have, between the radius vector of any 
point and the perpendicular on the tangent at that point 
from the focus, the relation 



2a — r 



Draw CE parallel to PY^ then PC is a parallelogram ; 
therefore PE - CZf^ AC\ which shews that the portion 
of any focal distance cut off by the diameter parallel to the 
tangent at. its extremity, is invariable. 

132. The preceding results may be also readily obtained 
by means of the equation to the tangent (Art. 123). For 
the €{quations to py and HZ are, respectively. 



y = ((J? - \/a^ - 6^), 



between which if we eliminate m we shall obtain the equation 
to the locus of their intersection. 

These equations may be written 

y - mof a y/m/'a^ + 6^, w + my = \/a^ - 6* ; 
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and adding their squares, the result is 

the equation to the locus of Z. 

Again, since HZ is the perpendicular dropped from a 
point whose co-ordinates are w = \/a^ - 6*, y' = 0, upon a 
line whose equation is y «= mw + \/fn?a^ + 6*, we have (Art- 
28), 

-m\/a^ - fe* - s/irfc? + 6^ 



i/Z 



v/l + w* 



similarly, *yr = ^ , 

.-. jffZ X SY^ ^^ ^ = 6*. 

m* -h 1 

133. Draw HI parallel to YZ (fig. 42) and let 

«^^ «^^^ SI rsino -(2a-r)sina 

then tan STP = tan SHI = ^^^ = 7^ { » 

IH r cos a + (2a — r) cos a 

or tan aSTP = ^^^-^ tan a = f^- l) tan^PF; 

2a . V^C / 

a result which is sometimes of use. 

134. The tangents at the extremities of any focal chord 
intersect in the directrix; and the line joining their inter- 
section with the focus is perpendicular to the chord. 

Let A, A:, be the co-ordinates of the intersection of the 
tangents ; then the equation to the chord joining the points 
of contact is (Art. 129) 

h^hx + <j?ky = a*6*, 

and since it passes through the focus, when <r s ae, we must 

have y = ; therefore A = - , the equation to the directrix. 

e 
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Also the equation to a perpendicular to this chord 
through the focus is 

k a^ , . , , a ka ^ 

y = - -zzOxf - ae) ; and when a? = -, y = -— = A;, 
h W e he 

therefore it passes through the intersection of the tangents. 

Also, if HP = r, HF = r', HZ = c, AHP - 0, (fig. 41), 



then tanPZP'=c. 



c^ - rr 



/ 9 



Kiif u — = rr ^^ — c sa - - 

r / a(l-e^)' l-c^cos^e' esin0 ' 

2e sin d 



therefore, substituting, tan PZP' = 



^ 



135. If a perpendicular be dropped from the centre 
upon the tangent at any point of an ellipse, making an angle 

(j) with the axis major, its length = a \/l - e^ sin^ (p. 

Let CQ, HZ (fig. 44), be perpendiculars dropped upon 
PT the tangent at any point P, from the centre and focus ; 
join CZ and let z TCQ = <f> ; 

then CZ^Oy and QZ = CiSTsin^ = aesin0; 
.-. CQ^ = a^ - o^e* sin* ^, or CQ « a v 1 - e^ sin^^. 

Hence the polar equation to the locus of the foot of the 
perpendicular dropped from the centre upon the tangent to 

an ellipse, is r = a \/l — e^ sin* ^. 

Also if jP'T^ be another tangent to the ellipse at right 
angles to the former, and CQ! perpendicular to it; then 
QfCT" = ^TT - ; and therefore CQ'- « a* - aV cos* 0. 

Hence CW ^ CCt + CC^^ = a^ + a'(l - e") = a« + b\ 

and therefore the locus of the intersection of two tangents to 
an ellipse at right angles to one another, is a circle whose 

centre is C and radius equal to y/d^ + h^. 
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These results may be also obtained in the following 
manner. The equation to PT being 

y - mw = y/m^a* + b^ (l), 

the equation to CQ is y = <r ; and eliminating m between 

tn 

w 
these equations, i. e. substituting in the former for «i, 

we get for the locus of Q the equation y* + ^ « \/a^ai^ + 6^. 

Again the equation to P'PT is my + a? = \/ «* + wi^ft'* ; and 
adding the square of this to the square of (l) and dividing 
by w* + 1, we get a?^ + j^ = o* + 6*, for the equation to the 
locus of W. 

136. It is sometimes convenient to have the length of the 
normal to an ellipse, and also the co-ordinates of the point 
where it meets the curve expressed in terms of the inclination 
of the normal to the major axis. 

From similar triangles (fig. 44), we get 

PG Ct 
PN^" CQ' 

Ct PN V 



Also PN 



b^ sin (p 



a %/l — 6* sin*^ 



r^xT ^'i-TAT acos0 \/a*cos«0+6*sin*0 

LJy = -jz CriV =s — . , Cx^ = y — . 

" Vl-e*sin*^ avl-6*sin*0 

137* AH chords of an ellipse which subtend a right 
angle at a given point of the curve, intersect one another 
in the normal at that point. 

Take the given point for origin, and the normal and 
tangent at that point for axes of x and y ; then the equation 



■F" ^^' ^"i ^^"^1^^ i^ 1^1 BUI ^ii*! _>#■ J« 
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to the curve (which includes every species of conic section) 
will be 

and since the axis of y is a tangent at the origin, if w^O^ 
the values of y become each = 0, 

.•. c? =s 0, /=0, and the equation is reduced to 

ay^ + hcoy + cw^ + ea? = 0. 

Let y = m(«a7 — A) be the equation to any chord meeting 
the normal at a distance h from the origin; then for the 
points of intersection with the curve, 

aw?{w " hy + hmos (d7 — A) + cx^ + ea? = 0, 
of which equation, if Wi^ x^ be the roots^ 

Also eliminating Wy 

and if yuy^y be the values of y, 

cw*A* + eni?h ^ 
^^^^ "" am? + 6w + c ' 

if now the chord subtend a right angle at origin, the lines 
joining its extremities with that point, whose equations are 

yssa^Wy ysz^x, will be perpendicular to one another; 

mi .ttn 

.-. — = - — , or ^ia?2 + yija = ; 

• 6 

.-. aA^ + cA^ + eA = 0, which gives A = -y 

a -he 

a value constant for all values of m ; hence all such chords 
pass through a fixed point in the normal* 
6 
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The Ellipse referred to its Conjugate Diameters. 

138. To determine the intersection of a straight line 
with an ellipse. 

Let y = mtV + c be the equation to any straight line ; if 
this line intersect an ellipse whose equation is 

and if w\ y\ be the co-ordinates of a common point, we have 

therefore, substituting — (y - c) for a in the latter, we get 

m 

{a^w? + V)y'^ ~ ^Vcy + (o* - mW) 6» = 0, 

the roots of which are the ordinates of the points where the 
straight line meets the curve, and the abscissae are known 

from a?' = — (y' — c). Hence if the roots be real, the straight 
m 

line will cut the ellipse in two points, and it cannot cut the 

ellipse in more than two points; if the roots are imaginary, 

the line falls entirely without the ellipse. 

Obs. If the roots be equal, the points of section coincide, 
and the line is then a tangent ; and we have 

{a?nf + 6*) (c* - mfa^) « 6*c*, or c* = 6* + m?a^ ; 
.'. y = ma et \/6^ + m^a^ 

is the equation to the tangent to an ellipse in terms of the 
angle which it makes with the major axis, agreeably to 
Art. 123. 

139* To find the locus of the middle points of a system 
of parallel chords. 

Let the chords be parallel to a line CD (fig. 45) through 
the centre, whose equation is y ^ ma; then the equation to 
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any one of them QQ' is y » miv + c ; and the values of QMy 
Q'Jff are the roots of the equation, 



v"' „.„.2 . i.g y+ .2^2 .1.2 =Q> 



obtained by eliminating x between the equations to the chord 
and the ellipse, as in Art. 138. 

If therefore V be the middle point of Qi^^ and CN = JT, 
VN = F, its co-ordinates, so that Y = w Jf + c, 



therefore, dividing one result by the other in order to eli- 
minate the quantity c which particularizes the chord, we get 

Y ,.X, 

mar 

a relation between the co-ordinates of the middle point of 
any chord, and therefore the equation to its locus, which is 
consequently a straight line PP passing through the origin. 

The straight line which passes through the middle points 
of a system of parallel chords is called a Diameter. 

Hence all diameters of an ellipse pass through its centre ; 
and, conversely, every line through the centre may be con 
sidered as a diameter. 

Hence denoting the equations to any chord Q^^ and 
to the diameter PP^ which bisects it, by y « wi^ + c, y = wi'o?, 
respectively, 

yre nave w « , or mm *» — i, 

a simple relation, by means of which the equation of a dia* 
meter may always be deduced from that of any chord which 
it bisects, or vice versa. 

6—2 



I 

i 



Si 



14©. If a <liameter PJP^ bisect the chords parallel to 
a given diameter DD\ then likewise the diameter DD' will 
bisect the chords parallel to PP^. 

Let y^moo be the equation to the given diameter 
DD' (fig. 45) ; then (Art. 139) y = ^ ^5 or 



y a mw^ if m' = — 



mar 



ma^^ 



is the equation to the diameter bisecting the chords parallel 
to DD\ which diameter by supposition is PP. Now let 
y = nx be the equation to the diameter bisecting the chords 

parallel to PP ; then n = -,— , or n » 9n ; therefore Dlf 

■ m a 

is the diameter bisecting the chords parallel to PP^. 

Hence two diameters, whose equations y — mw^ y « mai^ 

are so related that mvn! ^ -, have the property that each 

bisects the chords parallel to the other. 

Two diameters, which thus mutually bisect the chords 
parallel to one another, are called Conjugate Diameters, or 
rather those portions of them P'^ ^ DD\ which fall within 
the ellipse are usually called a pair of conjugate diameters. 

141. If PT be the tangent at P, and w\ y\ the co- 
ordinates of P, then the equation to PT is (Art. 121) 

y 

but the equation to CP isy ^—, ^, atid therefore the equation 

to CDf the diameter conjugate to CP^ is y = 5-7 a?, which 

ary 

represents a line parallel to PT. 
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Hence the tangent at the extremity of any. diameter, 
IS parallel to the corresponding conjugate diameter; and if 
tangents be applied at the extremities of a pair of conjugate, 
diameters, they will form a parallelogram circumscribing the 
ellipse (Art. 122). 

This result might have been foreseen ; for DD' being pa^- 
rallel to all chords bisected by PP^ is parallel to that which is 
situated indefinitely near to P and which ultimately coincides 
in direction with the tangent at P when the two points in 
•which it meets the curve become coincident in P. 

142» Having given the co-ordinates of the extremity 
of any diameter, to find those of the extremity of the diameter 
conjugate to it. 

Let o/y y\ be the co-ordinates of the point P (fig. 46), 
then y = -7 ^ is the equation to CP, 

and •*. y = t—, ob the equation to CD. 

To determine the co-ordinates of D^ we must combine the 
equation to CD with the equation to the ellipse a^if^+Vs^=^a^b^y 

which gives, eliminating y by the substitution ^, a?, 

^y ^-m, ^y 

.V or = -7i-5 or - ^ « CM =* — -, 
h 

and y = j -7 a? = Z>ilf =* - — ; 

or y a 

the other pair of values of w and y having reference to Z)'. 
Hence, if we suppose the ordinates iVP, Jl/D, produced to 



86 



meet the circle on the major axis in p, d, iVjp = -- y' b CM, 



and Md e CN, and consequently the angle p Cd is a right 
angle. 

143. The sum of the squares of any two semi-conjugate 
diameters is equal to the sum of the squares of the semi-axes. 

CP* « CUP + NP" = a/^ + y\ (fig. 46) 
CJ5* = CJ#*+Jfl>« = ^ + ^; (Art. 142) 

.-. CP' + Ciy^ (a« + 6*) f— + l^-j = o^ + b\ 

smce -;: + -7? = 1- 



144. All parallelograms whose sides touch an ellipse at 
the extremities of a pair of conjugate diameters^ are equal 
to one another. 

Draw CQ (fig. 46) perpendicular to the tangent at P. 

Then the area of the whole parallelogram 
S3 four times the parallelogram DP 

= 4>CD.CQ^ 4>CD.CT sin CTQ 

=^4>CT.CDsmDCM^4^CT.DM 

a? haf 
= 4 . -7 . — = 4a6 (Arts. 124 & 142). 
X a 

145. If we denote CP, CD, hy o', b\ and z DCP by 
7, and draw PF perpendicular to DC produced, we have 
CQ=PjP = a sin7, 



.-. ah' sin y=CD.PF^ ah. 

This equation, together with a'^ + 6'^ «= a^ + 6*, determines 
the magnitudes 2a^26', of two conjugate diameters that in- 
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dude a given angle yi and their position is known from 
the equation 

CQ = a sin y = a\/l-eSin«0 (Art. 135), 
where = QCiNT- - - DCM, 



which gives sin = cos DCM = -7 \/ 1 — li • 

If a' = 6', then 
o'« = i(a« + 6«), 8in7= -^ = ^,^-^, ortan- = -; 

a h 

and sin <6 « — . ; or cot <b = tan DCM = - , 

as might have been foreseen ; for the equal conjugate diameters 
being symmetrically situated with respect to the major axis, 

mm « — r gives tan'* DCM = — . 



a^^ a« 



Hence the equal conjugate diameters of an ellipse are parallel 
to the chords joining its vertices ; and the angle between them 

is 2tan~^7-. In this case, sin 7 receives its least value; for 
o 

it is least when 9.a!b' ^ a^ -{-b^ — {a! ^h'Y is greatest; i.e., 

ivhen a » h\ Hence the obtuse angle between two con- 

jugate diameters varies from — the angle between the axes, to 
2 tan"^ - the angle between the equal conjugate diameters. 

146. If we denote CQ or PF by p, we have 
a relation between the central distance a' of a pointy and the 
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perpendicular p upon the tangent at that point, let fall from 
the centre. 

147. The rectangle contained by the focal distances of 
any point is equal to the square of the corresponding semi- 
conjugate diameter. 

C/)' « a* + 6« - CP^ (fig. 40) (Art. 143) 

bu t CP^ = ^ + y* = a^ + 6* - *- a?* = 6V+ c« /5*, 

.'. Ciy a a* — e^a^ « (o + eai) , {a - co?) 

-. SP.HP (Art. 115). 

148. To find the equation to the ellipse referred to the 
system of oblique axes formed by any pair of conjugate 
diameters. 

Let w and y be the rectangular co-ordinates of any point 
Q in the ellipse referred to its centre and axes; then the 
relation between them is 

d'y' + h^x" = a^V. 

Let the conjugate diameters CP, CD (fig. 47), be the new 
axes of w and y\ inclined to the axis of x at angles PCA = a, 
DC A = /3, and CV ^^s^ w\ QF « y', the new co-ordinates of Q; 
then since the origin remains unaltered, the formulae for 
passing from the rectangular to the oblique axes are (Art. 42), 

^ =s a?' cosa + y cos /3, y = w' sin a + y sin )3. 
Hence, substituting in the above equation and reducing, 
(a* sin^a + 6* cos* a) w^ + (a« sin* ^ + V cos* j8) y * 

+ 2 (a* sin o sin /3 + 6* cos a cos /3) a^'y' = tf*6*. 

ft* 
But tan a tan fl « - — (Art* 140) ; 

• .*. a^ sina sin/3 + 6^ cosa cos/3 a 0, 



mmmim 



n 



«9 



ftnd the term involving w y disappears. 

Also if CP = a\ CD = h\ we have (Art. 120), 
a^ {a? sin* a + 6* cos* a) = a* 6% 
6'^ (a- sin« j3 + 6^ cos* )3) = a'6* ; 

therefore, substituting and dividing by o*6*, we get for the 
required equation, 

or, in a geometrical form, supposing PC produced to meet 
the ellipse in G, so that PV ^ a - af\ and VG = o' + af\ 

cjy^ 

149. This equation, which, suppressing the accents of 

the variables, is -^ + ^ = ^j being of precisely the same form 

as that relative to the axes, it follows that all properties which 
do not depend upon the inclination of the co-ordinates, will 
be common to the Axes of the ellipse and to its conjugate 
diameters. 

Hence, 'x\ y\ being the co-ordinates of any point Q re- 
ferred to the conjugate diameters CP, CD (fig. 47), the 
equation to the tangent at that point will be (Art. 121) 

a^yy + b'^ww « a'*6'* ; 

and if the tangent meet the co-ordinate axes in T, /, we shall 
have, as before, (Art. 124), 

«' CP" CD" 

150. Also, if we wish to draw a tangent through an 
external point Q (fig. 48), whose co-ordinates are h and k^ 
we shall have, to find the points of contact, the equations 
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the latter (considering a' and y* as the variables) being the 
equation to the chord joining the two points of contact. 

And those points, as in preceding similar cases, may be 
determined, by constructing this line; that is, by taking 

Cr-— , CR^—9 and joining J? IT, which will cut the 
h k 

ellipse in the two required points. 

Since the distance CT is independent of A?, if through 
Q we draw a line parallel to CDy and from any other point 
in this line we draw a pair of tangents to the ellipse, the 
secant passing through the new points of contact, will cut 
the diameter CP in IT, as this point only alters when h 
alters. Hence if from the several points of any straight 
line, pairs of tangents be drawn to an ellipse, the straight 
lines which join the corresponding points of contact will all 
pass through the same point ; and conversely if through any 
point {h^ k) we draw different chords, and apply two tangents 
at the extremities of each, the locus of the intersection of 
the tangents will be a straight line having for equation 
u'^ky + b'^hw « a^b'^. If the line be the directrix, then as 
we have seen (Art. 134), the fixed point will be the focus. 

151. The tangents at the extremities of any chord will 
intersect in the diameter of which the chord is an ordinate. 

For, taking that diameter and its conjugate as the axes 
of w and y, the equation to the tangent will be 

where the upper or lower sign is to be used, according 
as we consider the point Q(^', y) (fig. 47), or the other 
extremity of the chord Q' whose co-ordinates are a?', — y', 
to be the point of contact ; and in both cases when y « O, 

« s ~- ; therefore the tangents meet the axis of w in the same 

point T. 

152. If from the extremities of any diameter, two chords 
be drawn to any point in an ellipse, and one of them be 
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parallel to a diameter, the other will be parallel to the con- 
jugate diameter. 

Join any point / (fig. 47) with the extremities of any 
diameter PG ; and let w\ y\ be co-ordinates of P referred to 
the Axes of the ellipse, and consequently — w\ — y\ those of 
£r, and <r, y, those of / ; then if m, m\ be the tangents of the 
angles which IPy IG^ make respectively with the axis of ^, 

m^- ^, m'^^ ,y .\ mm ^— .; 

a — w w -^ x or -- w^ 

but aV + 6"^-a'6^ a^^+VjB^^a^b\ 

V , b^ 

."., subtracting, t^ ^ y^ ^ — i(^ ~ ^'Oj •*• ^''*' ~ — i» 

which shews (Art. 140) that if GI be parallel to a diameter, 
PI will be parallel to the conjugate diameter. Chords joining 
any point in the ellipse with the extremities of a diameter, 
are called supplemental chords of that diameter. 

Conversely, if two chords, whose equations referred to 
the Axes are y » ma -^ c, y ^ mm + c', satisfy the condition 

mm = — T , then, whether they both pass through the same 
a 

point in the ellipse, or through the extremities of a diameter, 

they are supplemental to one another. 

153. The angles between the supplemental chords t)f any 
diameter whatever are the same as those between the supple- 
mental chords of the major axis. 

For if from the extremities of the major axis A^ A\ lines 
be drawn parallel to P/, 6/, as their equations will satisfy 

the condition mm » -^ -^ , they will intersect in a point K 

in the ellipse, and the angle AKA s PIG\ that is, no angle 
can be contained by the chords of PG, but chords relative 
to AA' can be drawn, containing an equal angle. Heoce 
the angle between the supplemental chords of every diameter 
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will be greater than a right angle and less than ^tau"^-,, 

these being the limits of the angle contained by supplemental 
chords relative to the axis major. 

For let tt?, y, be co-ordinates of the point K referred 

y y 

to the axes, then tsLuKAof^ > iaxi KAo^ 



SB — a X + a 



^ A IT 4' ^^y ^^y ^^^^ 

.'. tan AKA 



ai^-a^-^y^ of a^ y{a^-h^) 



4-p) 



Hence Z AKAl is always, obtuse ; and it is least, viz. a 

a 
right angle when y = 0; and greatest and = 2tan"^--, when 

164. Hence we can readily construct two conjugate 
diameters containing a given angle 'y. Upon the major axi& 
of the ellipse describe a segment of a circle (fig. 78) con- 
taining the given angle •y; then because y lies between ^tt 

and 2tan~^ -, there is a pair of supplemental chords which 

contain this angle, and therefore the circle must intersect 
the ellipse in one, and therefore in two points JT, IC \ and 
if AK^ A'K be joined and CD^ CP^ be drawn parallel to 
them, then CP, CD^ are conjugate diameters, and they 

include z DCP = AKA' « 7. If the given angle be 2 tan"*^ ■-„ 

b 

the circle will touch the ellipse at B and only one system 

of conjugate diameters will be determined, viz. the equal ones ; 

if the given angle be a right angle the chords A'K^ AK 

will coincide with the tangent at A and with AA ^ and 

the axes of the ellipse will be determined. 

155. If from any point within or without an ellipse 
two lines be drawn parallel to two given straight lines to 
meet the curve, the rectangles of the segments will be to 
one another in an invariable ratio. 
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Let O (fig. 49) be the given point with co-ordinates h^ k. 
Then taking O for the pole and measuring 9 from a line 
parallel to the axis major the polar equation to the ellipse 
will be (Art. 14) 

a\r sin + ft)' + h\r cos + A)* = an\ - 

which is of the form r* + Mr - JV = 0, where 

„ o^fe* - a?k^ - 6*A» , „ 
o*sin*0 + 6^ cos*0 

if these be the two values of r. 

Now let Pjp, Qg, be drawn parallel to CP, CQ!, which 
make given angles a, )3, with Cx ; then 

PO X Op : QO X Oq' :: a*sin*/3 +y cos^j3 : a^sin^a + ft^cos'a 

:: CP''' : CC^ (Art. 120), 

a ratio independent of the position of the point O. 

Hence if we suppose Pp^ Qq^ to move parallel to them- 
selves till they become tangents to the ellipse at points P 
and Q respectively, and intersect in a point O without the 
curve, we have 

OP : OQ :: CP" : CQ\ 

156. To find the area of the ellipse. 

Let APQ,RTJ! (fig. 50) be any polygon inscribed in the 
ellipse, and let the ordinates PN^ QMy &c. be produced to 
meet the circle on the major axis in py 9, r, &c. and join 
Apj pq, &c. 

Then area of trapezium PNMQ = ^ {PN + QM) . NM 

b b 

= i - (p JV + qM) . NM « - . trapezium pNMq^ 

area of trapezium PM b 
area of trapezium pM a^ 
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and since the same ratio exists between every two corre- 
sponding trapeziums, 

area of polygon APQA' h 
area of polygon ApqA' a* 

and this is true however much the number of the sides of 
the polygons be increased ; therefore, supposing the number 
to be infinite, in which case the ratio of the polygons be- 
comes that of the semi-ellipse and semicircle, 

area of semi-ellipse b 
area of semicircle a^ 

.*. area of ellipse = - xa* = irafc. 

a 

Likewise if K (fig. 51) be any point in the axis, and 
QPN be an ordinate to the circle and ellipse, then 

elliptic area ANP « - . circular area ANQ^ 

and triangle PKN = - . triangle QKN ; 

a 

therefore, subtracting, 

the elliptic sectbrial area AKP s - . circular area AKQ. 

a 

Also, if o', b\ be two semi-conjugate diameters and y the 
angle between them, the area of the ellipse s 'jrab' sin 7 
(Art. 145). 

And the area of the sector bounded by the semi-diameters 

= ^ira o sm^y* 



SECTION VIII. 

ON THE HYPERBOLA. 



Various Forms of th^ Equation to the Hyperbola. 

157* To find the equation to the Hyperbola. 

The hyperbola is the locus of a point, whose distance 
from a given point is always greater than its distance from 
a given fixed line, in a constant ratio. 

Let KE! (fig. 52) be the given fixed line, and S the given 
point, from which draw SK perpendicular to KK'. Let P be 
a point in the hyperbola on either side of KK' \ and from P 
draw PM perpendicular to JTiT, and join SP^ and let the con- 
stant ratio of SP to PM be e : 1, e being greater than 1. 
Divide the given distance SX in A so that SA = e . AX^ 
then ^ is a point in the curve ; and assuming AS « p^ we 

have AX^-. Through A draw Ay parallel to JTiST', and 

c 

take A for the origin, and Awj Ay^ for the co-ordinate axes, 
and let AN ^ x^ NP^y, be the co-ordinates of P; then 

SP'^^.PM^ 

or SN^^NP'^e^NX^ 



or 



.-. y*= 2p (e '\'l)w + ((^- 1) or. 



or 



y»«(c*-l) (-^x-hcA ; 



P 
or, if we replace the known quantity by a, 

the required equation. 
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158. To determiDe the points where the curve cuts the 
axis of Wf make ^ « 0, then ^ » 0, or ^ cs -. 2a ; the value 
07 s gives the point A already known ; the other value 
- j; a 2a B AA\ determines the point A\ Bisect A A' in C7, 
then in the equation to the hyperbola making Ars= — a, we 

get ^ = - (c* - 1) o^, or y s ± a \/^ — 1 . v/- 1 » which 
are imaginary values; hence the curve does not, as in the 
case of the ellipse, meet the line BB^ drawn perpendicular 
to A A' through its middle point; if however we put 

a \/f? - 1 « 6, and take J?C, S^C, each equal to 6, BB^ 
will be denoted by 26; and the equation will become 

6 y T 

Mb :i8 -\/2a«»+ cr, 
a 

159* In order to transfer the origin to C, we must 
change w into of' - a, since AN = CN - CA ; 

.-.»•- ^ {2a(y - a) + (w' - af} = ^' (/* - a^. 

This form of the equation shews that the origin is the 
centre of the hyperbola, and that the co-ordinate ^ axes are 
Axes of the hyperbola (Art. 64) ; but the term, axis, is 
more particularly appropriated to the portions of those lines, 
A A' = 2 a, BB' = 26; the former of which meets the hyper- 
bola and is called the transverse axis, and its extremities 
are called the vertices of the hyperbola; and the latter, 
although the line along which it is measured does not meet 
the curve, is taken for the second axis of the hyperbola, 
and is called the conjugate axis. Since 6 = a x/^- l, where 
e may have any value greater than 1, 6 may be either greater 
or less than a. 

160. To trace the hyperbola by means of its equation. 
The equation to the hyperbola referred to its axes is 

y ss sk ~ -\/ j7* — a* ; 
a 

hence for all values of a between + a and - a, y is ima^ 
ginary, and therefore no part of the curve lies in the space 
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bounded by two indefinite lines through Ay A\ parallel 
to JBC*. When w ^ a^ y = 0, and as x increases positively 
from a to 00 , the two values of y are real and increase 
from zero to oo , and give the infinite branch ZAss situated 
symmetrically with respect to Cw\ and since when the sign 
of 07 is changed, the values of y do not alter, the negative 
values of w. will give a branch ZiAisi precisely similar to 
the former, on the other side of 55^, which is described by 
taking SP : PM as e : 1. Moreover the two opposite 
branches of which the hyperbola is composed, will every- 
where turn their convexities towards the axis BB* \ other- 
wise a straight line might intersect them in more than two 
points, which is impossible, (as will appear Art. 186). 

161«. Since the hyperbola is symmetrically situated with 
respect to its axes, if we take CH = CSy CX' « CJT, and 
draw kX' parallel to CB^ the curve may be described by 
means of the focus H and directrix kJC^ exactly in the 
same way as by means of S and KX. Hence the hyper- 
bola has two foci, situated in the transverse axis at equal 
distances from its centre* 

Also since a =* « we have AS » a(e — 1)1 

SC 
.•. SC = AC + AS =5 o + o (c — 1) = ae, and e =» -^t^* 

The quantity e, which expresses the ratio of the distance 
between either focus and the centre, to the semi-transverse axis, 
is called the eccentricity. Since 6 = a y/e? — 1, the eccen- 

tricity, c, expressed by the semi^axes,^ is equal toJ___, 

a 

Hence SC = \/«' + ^\ and AS.A'S = BC. 

1 62. Since AS^e.AX (Art. 157), we have AX = ^^tl}} ; 

e 

e ae CS 
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and SX^AS^-AX^ -^ ^ = -_ , 

e CS 

which determine the directrix relative to the centre, and 
focus. 

The double ordinate passing through the focus is called 
the latus rectum. To find its value, make x = CS — ae 
(fig. 5S) in the equation to the hyperbola, 

■lO 1* 

••• y'- = -. («'«* - o*) = 6* («' - - - ; (Art. 158) 

.-. y « ± — , .', LL = — , or « 2a («'' - 1). 
a (t 

163. If the distance CS between the focus and centre 
be supposed to become infinite^ the distance AS between 
the focus and Vertex remaining finite, the hyperbola will 
be changed into a parabola. 

Since — = e* — 1, the equation reckoned from the vertex 
a 

may be written 

or y* = 2p (e + 1) a? + (e^ - l) a?^ if AS = p. 

^ SC SC 1 , c.^ 

But e = -- = -— = ; let aSC = CO , .-. e = 1 ; 

AC SC-p p 

^^SC 
/. y^ s: 4ipoB9 the equation to a parabola* 

164. Hence the equation y^ = 2p (1 + e) ^ - (l — c*) a?% 
is that to an ellipse, parabola, or hyperbola, according as 
g < , = , or > 1 ; and therefore every conic section may- 
be represented by the equation y^ = mas + nx^ ; and it will 
be a hyperbola, ellipse, or parabola, according as n is 
positive, negative, or zero. This is the simplest form of 
the equation by which the Conic Sections can be collectively 
represented. 



■«. H ■ ■ wu Mi4ii Jua 
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When 6 « a, or c* = 2, the above equations to . th0 hy- 
perbola become (Arts. 158, 159) 

The hyperbola in this case is called rectangular, and it 
is to the ordinary hyperbola what the circle is to the ellipse. 

165. Since y^ = -» (o?^ - a^) =» -^ (a? + a) (a? - a), 

gives PN^^ — .A'N.AN, 

we see that the square of the ordinate varies as the rect- 
angle of the distances of its foot from the extremities of 
the transverse axis. 

166. The equation to the hyperbola results from that 
to the ellipse, by changing b^ into -* 6^, or h iato 6\/-l. 
This remark may be of use in enabling us to foresee those 
properties of the hyperbola which are analogous to proper- 
ties of the ellipse. In general, if any result in terms of its 
axes be obtained for the ellipse, the corresponding result for 

the hyperbola may be deduced by writing b^ — 1 for 6: 

. 167- To express the distances of any point in the hy- 
perbola from the foci, in terms of its absci3sa. 

By Definition, (fig. 52) 

SP^e.PM^e.XN^e. (CN-^ CX) 



iw j «ea?-a; (Art. 162), 



now e is greater than 1, and as long as P is in that 
branch of the hyperbola of which S is the interior focus, 
X is greater than a ; therefore this expression for SP is always 
positive. 

HP^e.Pk = e.i.CN'^ CX') = e (^ + -] = ^^ + a. 

7-2 
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168. Exactly in the same way as for the ellipse, it may 
be shewn that the foci are the only points whose distances 
from every point in the curve, can be expressed rationally ia 
terms of the abscissa of the point. (Art. 116). 

169. Hence, subtracting, 

or the difference of the focal distances of any point in the 
hyperbola is constant, and equal to the transverse Axis. 

Also the excess of the greater above the smaller focal 
distance of a point not in the hyperbola, will be > or <2a, 
according as it is situated on the concave or convex side of 
the curve. 

In SP produced take a point Q on the same side of the 
:conjugate axis as S is, and join HQ (fig. 56)f 

then HQ<HP+ PQy ^Q = S'P + PQ, 

and HQ is greater than SQ; 

.-. BQ^SQ<HP''SP<2a. 

Again in SP take a point Q' and join HQ' ; 

then jffQ' + Q'P > ITP, SQ'+Q'P^SP; 

.-. HQ' - SQ'> HP-- SP>Qa. 

This property affords a simple method of determining any 
number of points in a hyperbola of which we know the 
transverse axis and foci. In A' A (fig. 5S) produced take any 
point jF, and with centres S and H and radii respectively 
equal to AF, A'F, describe circles intersecting in P, P'; 
these are manifestly points in the hyperbola. 

The curve may be described by a continuous motion if 
we have a rule HM moveable about the focus Hy and a 
string SPM fastened to M and to the other focus S, of such 
a length that HM - SPM = AA^ ; then as HM revolves about 
Hy if a point P slidp along HM so as always to confine a 
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portion of string PM against it, the point will trace out a 
portion of the hyperbola; for we shall always have 

HP^SP^HP + PM--(SP + PM) = HM^ SPM^ AA\ 

This property also furnishes the following method of 
investigating the equation to the hyperbola. 

170. To find the locus of a point the difierence of 
whose distances from two fixed points is constant. 

Through the two fixed points Sy H, (fig. 53) draw the 
indefinite line Ha^, bisect SH in C, and through C draw 
Cy perpendicular to it; and take Co?, Cy^ for the axes of 
the co-ordinates, as the locus will evidently be symmetrical 
with respect to these lines. Let SC = CH «= c, CN « a?y 
NP « y, the co-ordinates of any point P, and HP - SP = 2 a, 

Then HP" ^ {CN •¥ CHf -^ NF" ^{a -{^ cy + f, 

SP'^(CN'-CSy + NP'^(a'-cy + y'; 

.-. HP'-SP' or 2o(i5rP + ,S'P)«4c«7; 

2ca? 

.-. HP-i-SP^ ; 

a 

but HP-SP^^a; 

cw 
.-. J?P« — + 0; 
a 



.-. f — + o j = (a? + cy + y*. 



.-. — — +2ca? + o^«/p*+2ca? + c* + y^, or y'-s — 3— d;*-c*+o% 

c ^ or 
or fr^ — J— (af* - a*). 

Now ITP - SP is less than #Sfli or a < c, consequently 
o' — a^ is a positive quantity, and the above equation, as we 
should expect, represents a hyperbola whose transverse axis 

is 2 a, and conjugate axis 2\/c* - a*. 
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lyi. To find the polar equation to the hyperbola, oue 
of the foci being the pole. 

Let the interior focus be the pole, and let the polar co* 
ordinates of any point P be SP^r^ jLivSP = (fig- 32), 

then SN:=^rcos0,mdXN^XS + SN^^^^^^ + rcos0; 

e 

.•, r = e . XN = a(e* — l) + cr cos 0, 
or r(l — e cos 0) « a(6* - 1), 

«(c«-l) 



r = 



1 — e cos 



Since c> 1, there is some angle wSD^a, (fig. 53) whose 

cosine = - ; for values of less than a, r is negative, and 

there are no points in the branch AZ corresponding to those 
values, because SP « c^p — a is always positive. When = a, 
r is infinite and the radius vector meets the curve at an 
infinite distance ; when exceeds a, f is positive, and as 9 
increases to tr we get the portion of the curve ZA\ when 
increases beyond tt, the same values of r recur in an 
inverse order, giving the portion Azj till = 27r-a, when 
T is again infinite and afterwards becomes negative. 

172. If S be the exterior focus, and the co-ordinates of 
any point P' be .SP' - r, z wSP = 0, then SN* = - r cos ©, 

and XN" « ^SiNT - *S'Jr « - r COS0 - - (e^ - 1), 

e 

.•. r = c . Xlf s= - re COS© - a(c* - l), 

-o(c--l) 

or r = TT . 

\ + e cos 6^ 

In this case also, r is negative and therefore has no point 
corresponding to it, till ^ir -ay when it becomes infinite, 
and then produces the branch of the hyperbola Z'A'z' as 
changes from w — a to «• + a. 

There is no difiiculty in shewing that if we remove the 
restriction of having r positive, and measure negative values 
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upon the radius vector produced backwards, the same equa- 
tion will represent both branches of the hyperbola. 

173. To find the polar equation to the hyperbola, the 
centre being the pole. 

Let CP = r, ZwCP'=9 (fig. 53), be the polar co-ordinates 
of a point P, whose rectangular co-ordinates are a? and y; 
then Of — r cos 0, y = r sin 0, and substituting in the equation 
o*y* — b^a^ = - a*6% we get 

r»(a« sin* - ^ cos* 0) = - o^fe*, 
or, dividing by a* and observing that — e= c^ - 1, 

r'(l-c*cos'0) = -6*; 



r = 



v/e* cos* - 1 ' 



Taking 9 from zero to a, where cos a «= -, we get the part 



e 



AZ ; from = a to = ir — a, r is imaginary ; from := w - a 
to *= IT + a we get the branch Z'A'z' ; and the remaining 
portion Az, in taking from Stt — a to Stt. 

Tangent and Normal to the Hyperbola. 

174!. To find the equation to the tangent of a hyper- 
bola at a given point. 

The equation to the hyperbola being a*y* - 6*a?* = — a^6^, 
in order to find the equation to the tangent, the process 
will be the same as for the ellipse, with the sole difference 
that 6* will every where be replaced by — 6*, and the result 
will be the same, subject to that modification. Hence if 
^'9 y 9 ^ ^^ co-ordinates of the point of contact, and a the 
angle which the touching line makes with the axis of «r, 

tan a « -r-7 5 (Art. 121) 
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and the equation to the tangent will be y - y = -j-, (w — «r') 

or a^yy' — 6^0?^?' = — a*6^ 

b* w' 
175. The formula tana = -=-7 , 

<r y 

since It does not alter when a/ and y are replaced by — j?' 
and - y^ shews that if PC (fig- 54) be produced to meet the 
hyperbola in P', the tangents at P and P^ are parallel, as we 
might have foreseen on account of the symmetrical position 
of the hyperbola relative to its Axes ; and that at the points 
J, A\ for which y' = 0, ^' « ± a, tan a » 00 , or the tangents 
are perpendicular to the axis. Also, replacing w' by its value 



y9 

- \/y^ + b^9 derived from the equation y'^ = -7; (<r'* - a*) 

O Of 

b ^ / ¥ 

we get tana « - V 1 + "t., 

a y« 



which shews that as y increases from zero to 00 , tan a di- 
minishes from 00 to a limit - . 

a 

176. To find where the tangent meets the transverse 
axis, make in the equation to the tangent, its ordinate y »= ; 

.-. j? = -,, or CT^--—. 

w CN 

As this result is independent of 6, it will be the same for all 
hyperbolas described with the same transverse axis. 

Similarly, putting ^ s 0, to find where the tangent meets 
the conjugate axis, we get y=: — ;, or C7".PJV= J?C*. 

The value o( CT diminishes as w increases^ but is always 
of the , same sign, and becomes zero when ^' = 00 • Hence 
when the point of contact is at an infinite distance, the tan- 
gent passes through the centre, and (Art. 175) makes with 
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the transverse axis an angle whose tangent is - ; i. e. it coin- 

cides with the diagonal CWj of the rectangle constructed 

h 

with the semi-axis, and has for its equation y^- w. 

a 

177. The subtangent NT = CN- CT^al-- - = ^LZ^ . 

w w 

178. To find the equation to the normal of a hyperbola 
at a given point. 

Let w\ y , be the co-ordinates of the given point, then 
since the normal is perpendicular to the tangent at that point, 
it is easily seen that its equation is 

2 ' 

179. To determine the point G (fig. 54) where the normal 

meets the transverse axis, make in the equation to the normal 

its ordinate y = 0\ 

2 ' 

which gives a? = a?' [ 1 + — j , or CG = e* . CN. 

Hence, the least value of CG, when of ^a^ is . 

a 

The subnormal JVTGf = CG - CA^ = ?!! . ^p' = ~ , CN. 

or c? 

180. The normal at any point bisects the exterior angle 
between the focal distances of that point. 

For SG = CG - CS = erixf ^ae^e.SP, (Art. 167) 
HG^CG-^ CB^ ^w'^ae^e. HP; 

SG SP 
.*. 'TTp;-!^^'^ .•. PG bisects the angle aS^P A. (Euc.vi.Prop.A.) 
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Also since GPT, GPt, are right angles, and SPG = hPG; 

.-. SPT^hPt^HPT, 

or the focal distances make equal angles with the tangent 
on opposite sides of it. Hence if an ellipse and hyperbola 
have the same foci they will cut one another at right angles ; 
for at the point of intersection the tangent to the hyperbola, 
since it bisects the an^e between the focal distances, will 
coincide with the normal to the ellipse, and therefore be 
perpendicular to the tangent of the ellipse. 

181. These properties furnish a simple method of draw- 
ing a tangent to the hyperbola through a given point. 

First, let the point be in the curve as P (fig. 55i). 

Join SP, HP J make HK^^AC, join SK and draw 
PY perpendicular to it ; then in the triangles SPY^ KPY, 
PK -= HP - 2AC = SP, PY is common, and the angles at 
Y are right angles : .'. Z SPY = JTPF, and consequently PY 
is a tangent at P. 

182. Next let the point be on the convex side of the 
hyperbola (fig. 80 and 81). Join the proposed point T with the 
more remote focus H, and with centre ^ and radius = 2JC 
describe a circle cutting HT or HT produced in O. Then 
if T falls within the circle, TS is less than TH^ and S 
is necessarily outside the circle; but if T falls without the 
circle, HT-ST<2AC<HT-0T, and therehre ST >0T; 
consequently in both cases a circle described with centre T 
and radius TS must intersect the former circle in two points K^ 
K\ Join HK meeting the hyperbola in P and join TP, then 
TP is a tangent at P. For in the triangles TPK^ TPSy 
SP^ HP ± ZAC = PJT, TS = TK, and PT is common ; 
.*. PT bisects the angle SPH and is therefore a tangent at P,^ 

Similarly, if ^JT' be joined and produced to meet the hyper- 
bola in Q, a second point of contact will be determined. The 
two tangents will belong to the same, or to opposite branches 
of the hyperbola, according as the point in which they in- 
tersect lies in /.LCI or its opposite, or in Z.LCL' or its op- 
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posite (Art. 176) ; and the angles which the tangents subtend 
at either focus will in the former case be equal to one another, 
and in the latter supplementary to one another. 

For in fig. 81, it is evident that lTKH^TK'H\ 
.\ TKP^TK'Q, .-. TSP^TSQ, and THP ^ THQ. 
Again in fig. 80, z TKH = TK'H, .-. ^ - TKH = TJT'Q,. 
or V - TSF^ TSQ; and tt- THP^ THE ^ THQ. 

m 

183. The locus of the feet of the perpendiculars dropped 
from the foci upon the tangent to a hyperbola, is the circum-kii 
ference of the circle whose diameter is the transverse axis. 

« 

For joining CY (fig. 55), since SH is bisected in C, 
and SK in F, CY is parallel to HK and =^^HK^AC. 
Also, drawing HZy CQ, perpendicular to ZY, Q is the middle 
point of ZYy and therefore CZ^CY=- CA. 

184. Since C is the centre of the circle which is the 
locus of Y and Z, and SYZ is a right angle, if SY and 
ZC be produced to meet in /S^, this will be a point in the 
circumference; and from the equal triangles SCS\ HCZy 
SS'^HZ; 

,-. SYxHZ^SYxSSr^SJy^ SA'^ BC (Art. l6l)* 

,, . SY HZ ,^ , SY SP , 

Also smce — « — (Art. 180), or — - ^^, we have 

SP 
.-. ^r««5C^x — ; 

or, if aJP, aSF, be denoted respectively by r and p, ' 

186. Draw CjB parallel to PY (fig. 55), then CP is a^ 
parallelogram, and PE = CY » CA. 

All the properties of the ellipse proved in Arts. 132-^^136^ 
may without difficulty be extended to the hyperbola. 
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The Hyperbola refened to its Conjugate Diameters. 

186. To 'determine the intersection of a straight line 
with a hyperbola* 

Exactly in the same way as for the ellipse, it may be 
shewn that the ordinates of the points of intersection of a 
straight line and hyperbola, whose equations are respectively 

are the roots of the equation 

(62- w* a*) y'«- 26'cy + (c«- wi*a«) 6^^= 0. 

• ■ • • - • . 

Hence the line cannot cut the curve in more than two 
points, and if the roots are impossible, it will not meet the 
curve at all. If the roots are equal, the line will touch the 

hyperbola; and we get y = mzr±\/fii^a^— 6', for the equation 
to the tangent of the hyperbola, in terms of the angle which 
it makes with the transverse axis. 

187* To find the locus of the middle points of a system 
of parallel chords. 

Let the chords be parallel to a line CW through the 
centre (fig. 57), whose equation is y^m(v% then the equa- 
tion to any one of the chords QQi will be y ^ mw -{■ c, and 
to determine the points in which it meets the hyperbola, we 
must combine its equation with that to the hyperbola, 

this gives, eliminating w by the substitution — (y — c), 

fn 

_ 26*c ,, i?^fr?a^ 

— fn a — mar 

the roots of which will be represented by QJlf, Q'JIf ' if the 
values of y and the corresponding values of /r, are all positive, 
but if one or both values of w are negative, the line will meet 
the opposite hyperbola ; then if V be the middle point of QQ', 
andCiV= JT, NV^Y, its co-ordinates, 2j\rF« QJf + Q'if'; 



••. F 
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6'— w?d^^ 



and X^-iX-^c) 



1 .— . mo^c 



Dividing one result by the other, in order to eliminate 
the quantity c which particularizes the chord, we get 



ma^ 



a relation between the co-ordinates of the middle point of 
any chord, and therefore the equation to its locus, which is 
consequently a straight line CK passing through the origin. 

The straight line which passes through the middle points 
of a system of parallel chords is called a diameter; hence 
all diameters of a hyperbola pass through its centre; and, 
conversely, every line through the centre may be considered 
as a diameter. 

188. Hence, denoting the equation to any chord QQ' by 
y^mw+Cj and the equation to the diameter CV which bisects 
it by y = m'o?, we have 

m = — -, or mm = — , 
ma^ or 

a simple relation, by means of which the equation of ouq 
may be deduced from that of the other. 

189* If a diameter CV bisect the chords parallel to 
another diameter CW, then likewise the chords which are 
parallel to CF are bisected by CW* 

For any one of the last-mentioned chords RIt may be 
represented by the equation y^m'a^ + c'; then the diameter 
which bisects it will have for its equation 

y= -T—r^, or y^mwy which belongs to CW, 
m a 
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Hence two diameters, whose equations y^m^v, y^mw, are 

so related that wn» = — , have the property that each bisects 

the chords parallel to the other; they are called Conjugate 
Diameters. But the term is usually restricted to those 
portions of them PP', DD', which are intercepted by the 
proposed hyperbola, and the hyperbola which is conjugate 
to it (fig. 5sy 

190. The latter is a hyperbola BD B'D\ whose trans- 
verse and conjugate axes are respectively equal to, and in 
the same, straight line with, the conjugate and transverse 
axes of the proposed curve; and the employment of it is 
attended with great conveniences in stating and investigating 
the properties of the hyperbola. 

The equation to the conjugate hyperbola^ referred to the 
same axis of w and axis of y as the primitive hyperbola^ 
so that DM = y, CM = Wj (fig. 58) will consequently be 

''^■'jiCy' -*')' orj^ = ^(^^ + a'), 

which we observe results from the equation to the primitive 
hyperbola (Art. 158), by replacing a* and A* by — a* and — ft*. 

191. If PT be a tangent at P (fig. 5S), and w\ y\ the 
co-ordinates of P, then the equation to PT is 

y-y "Tv^"^""^^' (Art. 174) 

• y 

but the equation to CP is y = — t-p, and therefore the equa- 

.a? 

tion to CD, the diameter conjugate to CP^ is 

ay 

which represents a line parallel to PT. Hence the tangent 
at the extremity of any diameter, is parallel to the corre- 
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spending conjugate diameter. Similarly, the tangent to the 
'conjugate hyperbola at 2> is parallel to CP; and if tangents 
be applied to the hyp^bola and its conjugate, at the ex- 
tremities of a pair of conjugate diameters, they will form 
a parallelogram inscribed in the two curves, whose sides will 
be bisected in the points of contact. 

192. Of any two conjugate diiameters, only one can 
meet the hyperbola. 

Let ytxtnofhe the equation to a diameter; to determine 
its intersection with the curve, put mw for y in the equation 

and we find for the abscissas of the points of intersection 



^= =*= V TZ — -i 



b^ — m*a* 



•which values are real as long as m is less than — , but imaginary 

h ' 

if m be greater than — ; in the former case the diameter 

a 

intersects the curve, in the latter it does not. But the rela^ 

tion mm! ^ -^ shews that if m be less than — , w' is sreater 
or a ° 

than — ; hence every diameter which meets the hyperbola, has 

its conjugate diameter amongst those which do not meet it. 

193. If we construct on the axes of the curve, the 
rectangle Lt (fig. 59), all the diameters which fall within 
the angle ZC/, make with AC an angle whose tangent 

(abstracting the sign) is less than -; whilst the diameters 

which fall within the angle LCL' make with AC an angle 

6 
whose tangent exceeds -; the former are those that meet 

a 

the curve, the latter those that do not^ 
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In the particular case when m = - , we have also m' = - , 
* a a 

and the conjugate diameters coincide with Lt; and as the 

value of ar (Art. 192) becomes infinite, they meet the curve 

only at an infinite distance ; similarly, when m ^ , we 

have m' s , and the two diameters coincide with the other 

diagonal Z7, and meet the curve only at an infinite distance. 
The lines LI' 9 L'ly are, for this reason, called Asymptotes; 
and they correspond to the equal conjugate diameters in 
the ellipse. 



194. Having given the co-ordinates of the extremity of 
any diameter, to find those of the diameter conjugate to it. 

Let CD be conjugate to CP (fig. 58), and let it meet 
the conjugate hyperbola in 2>; let w\ y\ be the co-ordinates 

of P, and consequently y ^ —, w the equation to CPy then 

w ' 

y « -r-7 « is the equation to CD ; and to determine the 

co-ordinates of D we must combine this equation with the 
equation to the conjugate hyperbola, which is 

This gives, eliminating y by the substitution -j-fOPy 

or a» {Vx^ - a^y'^) = a'y\ or .r» = ^ ; 

h 

ay' has' 

.'. X = CM =s -z- , and y = DM = — ; 

b a 

the other pair of values of w and y belonging to the point D\ 
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195. The difference of the squares of any two semi-^ 
conjugate diameters^ is equal to the difference of the squares 
of the semi-axes* 

C2)«=^+-^- = a?'*-a«+y'« + 6% because y'*- -^{p'^-a^Y, 



196. All parallelograms whose sides touch a hyperbola 
and the conjugate hyperbola at the extremities of a pair of 
conjugate diameters, are equal to one another. 

Draw PF perpendicular to CD (fig. 58), then (Art. 191 ) 
area of whole parallelogram ^4,CD.PF ^4^00. CT sin TCF 

^4iDM.CT^4> — .-, ^4>ab. 

a w 

197- Draw the diagonal CL (fig. 58), which will pass 
through the middle point of DP, whose co-ordinates are equal 
to ^(CM+CN), ^(DM-i-PN); 

.•. tan LCA = 



1 f ay\ a 



2 

which' value is independent of the positions of CP and CD ; 
hence* the parallelograms whose sides touch a hyperbola and 
its conjugate at the extremities of a pair of conjugate dia- 
meters, are not only equal in area, but they all have their 
diagonals in the same line; namely, the diagonal of the 
rectangle whose sides are the semi-axes* 

198. If we denote CP, CD, by o', b\ and Z PCD by 7, 
we have 

PF SB a sin 7, and .% a'b' sin 7 = CD x PF « ab. 
8 
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Also if we denote PF by p, we have the relation between 
the <setitral distance of any point and the perpendicular frmd 
the centre upon the tangent at that point, - 



P" 



CJy o'*-o* + 6»* 



r 

The magnitude and position cf two conjugate diameters 
that include a given angle, may be determined in the same 
manner as for the ellipse (Art. 145). 

199. The rectangle contained by the focal distances of 
any point, is equal to the square of the correspondii^ semi- 
conjugate diameter. 

or 
« f^a^ — o* = {ew + a) . {ew — a) 
^SP.HP. 

200. To find the equation to the hyperbola referred to 
the system of oblique axes formed by any pair of conjugate 
diameters. 

The equation to a hyperbola referred to its centre and 
axes is . 

Let the conjugate diameters CP, CD (fig. 6o), be the 
new axes of a/ and y\ inclined to the axis of « at angles 
PC A » a, DC A » /3 ; then since the origin remains unaltered^ 
the formulae for passing from the rectangular to the oblique 
axes are (Art. 42) 

os^w cos a + y' cos)3, y = a?' sin a + y' sin /3. 

Hence, substituting and reducing, 
(a^ sin^ a - 6* cos^ a) x^ + {a" sin* /3 - 6* cos' )8) y^ 

+ 2«r'y' (a^ sin a sin )3 - 6* cos a cos /3) = — a^V ; 



k 
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but tana.tani8 = -i; therefore a* sin a. sin /3-ft^ cos a. cos j3 = 0. 

or ' 

Also if CP = a', CD « ft', we have (Arts. 173 and 190) 

a'* (a^ sin^ a — \? cos' a) = - a* 6*, 

ft'^Ca'sin'jS - 6«cos*i8)* +a«fc«; 

hence, substituting and dividing by —a* 6% we get for the 
required equation 

or, in a geometrical form^ supposing PC produced to meet the 
curve in G, 

201. This equation) which, suppressing the accents of 
the variables, is 

being of precisely the same form as that relative to the axes, 
it follows that al] properties which do not depend upoti the 
inclination of the coordinates, will be common to the axes of 
the hyperbola and t6 its conjugate diameters. 

Hence the equation to the tangent at a point Q {x\ y) 
will be 

an4 if the tangent meet the axis of the abscissae in T, we 
shall have CT ^ TTF' ^^ before; and if we wish to draw 

a tangent through an external point Q (A, k) (fig. 61), we 
shall have, to determine the points of contact {afy y), the 
equations 

8—2 
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the latter, considering oi and y' as the variables, being the 
equation to the chord joining the two points of contact; 
and if we construct this line by taking 

and joining RT^ it will cut the hyperbola in the two points 
of contact 

202, Since the distance CT \a independent of Ar, If 
through Q ^^ draw a line parallel to CD, and from any 
other point in this line we draw a pair of tangents to the 
hyperbola, the secant passing through the new points of 
contact will cut the diameter CP in Ty as this point only 
changes when h changes. Hence, if from the several points 
of any straight line, pairs of tangents be drawn to a hyper- 
bola, the straight lines which join the corresponding points 
of contact will all intersect in the same point ; and conversely 
if through any point we draw different chords and apply 
two tangents at the extremities of each, the locus of ^he 
intersection of the tangents will be a straight line. 

203« The tangents at the extremities of any chord will 
intersect in the diameter of which the chord is an ordinate. 

For, taking that diameter and its conjugate as the axes 
of w and y, the equation to the tangent will be 

according as we consider the point Q {(o\ y\ or the other 
extremity of the chord 4j[ whose <^o-ordinates are «i?', - y\ 
to be the point of contact ; and in both cases when y = O, 

w^ -j\ therefore the tangents meet the axis of x in the 

same point T. (fig. 60). 

Exactly in the same manner as for the ellipse (Art. l^S), 
it may be shewn that if from the extremities of any diameter 
two chords be drawn to any point in a hyperbola, and one 
of them be parallel to a diameter, the other will be paral^ 
lei to the conjugate diameter. 
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204. If from any point within or without a hyperbola^ 
two lines be drawn parallel to two given straight lines ta 
meet the curve, the rectangles of the segments will be to each 
other in an invariable ratio. 

Let O (fig. 62) be the given point with co-ordinates h 
and k; then 4aking for the pole, and measuring from 
a line parallel to the transverse axis, the polar equation to 
the hyperbola will be 

a« (r sine + kf - 6» (r cosd + A)* « - a«6%. 
which is of the form r* + Mr — JV = 0, 

^^^^^^° a-sin>e-ycos^e ""^^ 

if these be the two values of r. 

Now let Pjo, Qg be drawn parallel to CP^, CQ' which 
make angles a, /3, with Coffj then 

JPOx Op : QO X Og :: o*sin^/3 — 6^cos*)3 : o*sin*a -fe*cos^a 

:: CP'« : CQ% (Art. 173) 

which ratio is independent of the position of the point O. 

Hence if we suppose Pp, Qg, to move parallel to them-» 
selves till they become tangents to the hyperbola at points 
P and Q respectively, and intersect in a point O outside the 
curve, we have 

OP : OQ :: CP" : CQ\ 

The Hyperbola referred to its Asymptotes^ 

205. The diameters which never meet the hyperbola 
at any finite distance, are called Asymptotes^ 

These diameters coincide with the diagonals of the rect-^ 
angle constructed with the semi-axes (Art.^ 193); and we 
shall now shew, according to the strict notion of an asymptote^ 
that although they never meet the curve they approach in-* 
definitely near to it. Por, the equations to CL (fig. 59)^ 
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and to the hyperbola, when referred to the axes of the 
curve, being, respectively, (Arts. 19 and 159) 

a a 

the difference of the ordinates ^ 

therefore, as w increases, this difference continually diminishes, 
and ultimately vanishes when ^ = Q^ •. Similarly^ it may be 

shewn that CL\ whose equation is y = a?, approaches inde- 

finitely near to the other branch of the hyperbola. 

It appears, by Art. 176, that the asymptote to the hyper- 
bola, is the limiting position of the tangent^ when the point 
of contact is infinitely distant. 

206. When the hyperbola is referred to a pair of con- 
jugate diameters, the directions of its asymptotes will be 
determined by the diagonals of the parallelogram constructed 
with the diameters ; for those diagonals always coincide with 
the diagonals of the rectangle constructed with the ^mi- 
axes (Art, 197). Also in this case, where the co-ordinates 
are oblique, we may shew, exactly in the same manner as 
for rectangular co-ordinates, that the diagonals approach in- 
definitely near to the curve. For, the equation to the diagonal 
CL (fig. 63)y and to the hyperbola, referred to the conjugate 
diameters CP, CD^ are, respectively, 

a a 
h' , _ dh' 

,. RQ - (^ - -y/^ - a'^) = y . 

a zp + vo?— a 

Hence when w ^ co ^ RQ becomes zero; hence Lt ap- 
proaches indefinitely near to the portions PQy P^Q'; and 
similarly it may be shewn that L'l approaches indefinitely 
near to the other portions of the curve* 



1 

J 
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207. If any chord of a hyperbola be produced to meet 
the asymptotes, the parts of it intercepted between the curve 
and the asymptotes will be equal. 

Let Qg (fig- 63), any chord, when produced cut the 
asymptotes in jB, r ; bisect Qq in F, join CV cutting the 
hyperbola in'P, and refer the hyperbola to the diameter CP 
and its. conjugate CD ; then the equations to CjB, Cr, are 

a a 

.-. VR ^ Fr, and VQ « Vq ; .% subtraeting QR « qr. 

Also iZQ.Qr«(iJF+ rQ)(Rr^ rQ^^RV^-QV' 

i. e. the rectangle of the segments into which a line, ter- 
minated by the asymptotes, is divided by the curve, is equal 
to the square of the seminliameter to which- it is paralleL 

If a' line be drawn through P parallel to Rr; it will 
be a tangent at P, and PL^tPL Hence every tangent 
terminated by the asjnnptotes is bisected in the point of 
contact. 

208. From any point P (fig. 63) of the hyperbola, draw 
parallels PG, PF to the asymptotes, and draw the tangent 
LI which is bisected in P.. Then the parallelogram GF is 
half of the triangle LCL 

But area LCI is constant, whatever be the position of 
P, and equals ab (Art. 196). 

Hence, denoting by 2 a the angle between the asymptotes, 
and by «», y, the co-ordinates of P referred to the asymptotes 
as axes, so that CF = a?, FP » y, we get 

. ^ ^^ r . . « 2 tan a 2ab 

^ysm2o=5 — ; but sm2a 



2 1 + tatfa a»-f*6*' 
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since tan a "■ - ; 

a 



the equation to the hyperbola referred to its asymptotes, 
which may be likewise obtained in the following manner. 

209. To transform the equation to the hjrperbola referred 
to its axes, into that representing the hyperbola referred to 
its asymptotes. 

Let the inferior asymptote be the axis of a/ ; and let 
CM a af\ MP « ^, (fig. sg^ be the co-ordinates of a point 
referred to the asymptotes, and CN = a?, JfP b y, the co- 
ordinates of the same point referred to the axes of the 
hyperbola ; and LLC A « ICA « a ; then drawing JlfQ, MR, 
respectively perpendicular to CN^ and to PiV produced, we have 

«aiV'Q+ QCay'cosa + ^'cosa, 



y B PR — RN ^y sin a — ^ sin a ; 

hence, substituting in the equation o^y* — Va^ ^ — o*6*, we get 

a^ sin* a{if -- afy - 6* cos* aijf ^• oTf « - a*6* ; 

but tanas -; and .*• a'sm^a « ft'cora 






o« 



If asfi, tana^ly Sa«^x; and the asymptotes are 
then perpendicular to one another. The hyperbola with 
equal axes is therefore called rectangular, and its equation 
is wy^^a^, 

210. To find the equation to the line touching the hyper- 
bola at a given point, when referred to its asymptotes. 

Let the co-ordinates of the given point be w\ y\ and those 
of a point near it id"j y*' ; the equation to the line passing 
through them will be 
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Of — a? 



but a>'y' - J (a« + 6'), a/'y" = J (a« + 6*) ; 
.-. a>"f -a'y'^0, or a' (y" - J^) + y" (^' - a'') = ; 






y -y y_ 



Hence the equation to the secant becomes 



w 



and in order that it may become a tangent, we must suppose 
^" sa y\ which gives, for the equation to the tangent, 



y -y'= - ~(a?-y), or of'y -¥ f/of ^ ^a'tf ^ ^(ar + b^). 



To find where the tangent cuts the asymptotes, make 
y = 0; .-. (jo^%w\ or Cl^'ZCFy and Ll^^LP (fig. 63), 
agreeably to Art. 207. r 

211. To find the area PNMQ contained between a hyper- 
bola, its asymptote, and two ordinates to the asymptote. 

Let the equation to the hyperbola be a^y « a\ and 
AyAw^ia (fig* 76), AN^a, AM^b; take w such that 

(- 1 =r -, or - a \/ - 5 and take the abscissae in geometri- 
aj a a a . 

vcal progresdon, so that 

ANx « ^> AN^ « — » AN^ =a — - , &c., AM = -— r « 6; 

a or a""* 

and complete the {n) parallelograms PJV^, P\N%i &c. ; then 

as n increases, - tends continually to 1, and therefore the 

difierence between any two consecutive abscissa? continually 
diminishes; and consequently the limit of the sum of the 
parallelograms, when n is infinite, is the hyperbolic area 
PiVTilfQ. 
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But area of parallelogram PNi »(a) — a)a sin w, 

07) — sin 01 a (.r- a) a sin wy 

a J Of 

of PgiVs = ( -5 1 — sinwa (a? — a) a sin w, 



area 



therefore the sum of the parallelograms ^n(af -^ a) a sin cj 

= a^sina>.w<(-j —Ip 

.-. hyperbolic area PNMQ = a* sin w . limit w|(-\ -l>(» = oo) 

1 1 

« a' sin Q> . limit n J (1 + - - 1)" - 1 } 

, .y...{(i-.)H(i-)^.): 

If CO = ^TT, and a = 1, then area PNMQ « log-4Jf ; 
or the area is the logarithm of its abscissa ; on this account, 
the Napierian logarithms are sometimes called HyperboUe. 



SECTION IX. 

ON THE SECTION 81 OF THE CONE AND CYLINDER, 



212. The si^rface described by an indefinite straight line 
which is carried round the perimeter of a given circle, always 
passing through a fixed point, is called a cone (fig. 64). 

The circle is ealled the base of the cone, and the fixed 
point its vertex, and the line joining the vertex and centre 
of the base is called the axis. The cone is moreover right 
or , (ddique^ according as the axis is at right angles, or 
inclined, to the plane of the base. 

As the generating line is unlimited in both directions 
from the vertex, the surface of. the cone is composed of 
two portions or sheets, perfectly similar, situated on opposite 
sides of the vertex. Also from the mode of generation it 
follows that every plane parallel to the base will cut the 
cone in a circle ; and every plane through the axis will cut 
it in two straight lines. When the surface is a right cone, 
every generating line will make the same angle with the axis. 

The different curves obtained by cutting a cone by a 
plane are cdled Conic Sections. 

Sections of a Right C<»ie by a Plane. 

213. All sections of a right cone made by a plane are 
curves of the second order. 

Let TAP (fig. &S) be a section of a right cone made 
by any plane; and through the axis VO draw a plane per- 
pendicular to that of the section, cutting the cone in the 
lines FjS, FD, and the plane of the section in the line 
AN^ which take for the axis of oa. Through any point P 
of the curve AP draw a plane perpendicular to the axis, 
intersecting the cone in the circle MPQ^ and the plane of 
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the section in PP^i then MQ will be a diameter of the 
circle, and PN will be at right angles to both AN and NM, 
and will consequently be a common ordinate to the circle 
and conic section AP. Draw Ay parallel to PN and take 
it for the axis of y, and let AN « w^ PN «= y be rectangular 
co-ordinates of P; and choosing the data so as to embrace 
every case, and therefore not -assuming that AN meets VQ 
produced, let JF = d, z VAN « ft AVQ^2a. Then since 
PN is perpendicular to the diameter JIf Q, 

_ ^MN sinO ,,^^ wsinO 

But -rrr — ; .% Jlf iV « , 

^iv cos a cos a 

And drawing NF parallel to QF, 
since z ANF^ OFN^ GAN^ VAG - {VAN -- VAG) 

= 2 F^G - F4JV- TT - 2a - ft 

JJF' 8in(2a + d)^ ^ a?sin(2a + 6)^ 

uaiv cos a cos a 

^if.sin(2a + 0) 



.•. JV^Qs2d.sina - 



cos a 



2 2cZ.sina.sin0 sin0.sin(2a + d) 
cos a cos'' a 

the equation to a curve of the second order ; therefore every 
conic section is a curve of the second order ; and it will be an 
ellipse, hyperbola, or parabola, according as the second term 
is negative, or positive, or zero, (Art. l64). 

Now the second term can only change its sign when 
8in(2a + d) changes its sign. Hence the section will be an 
ellipse as long as 2a + d is less than ^, and therefore AN 
meets VQ produced, or the cutting plane meets only one 
sheet of the cone. 

It will be a hyperbola when ^a + 9 is greater than 9r> 
and therefore AN and VQ intersect when produced back- 
wards, and the cutting plane meets both the sheets of the 
cone. 
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It will be a parabola when 2a + 6 ^wy and therefore 
ANj VQ are parallel, or the cutting plane is parallel to a 
generating line of the cone. 

214. To determine the axes of the conic section, we 
have, since the co-ordinates are rectangular, by comparing 
the equation (supposing it to represent an ellipse and there- 
fore sin (2 a + 0) to be positive) 

Sdsina.sind sind.sin (2a + 0) « 
COS a COS* a 

with y* as — a — r or, 
a a 

the latus rectum or — » 2a • tan a . sm d, 

a 

- 6* sin 0. sin (3a + 0) 

and — SB ^ ; 

or cos^ a 

2d sin a. cos a ^ 
sm (2a + 0) 



2cPsin*asind , , . ^ / sind 

• sm a 'V . . 



• 26*s— r-7 ;--,or6 = d 



sin(2a + d) sin (2a + 0) 

215. The minor axis may however be more conveniently 
expressed in the following manner. 

From the extremities of the axis major let fall perpen- 
diculars AF ^fy A'G sig (fig. 64), upon the axis of the cone; 
and through C, the middle point of AA\ draw a plane 
parallel to the base, cutting the section in BB' which is 
its minor axis, and the cone in the circle MBQ; then 

BC^MCxCQ^ A'G x AF^fg, 

because MC^ being parallel to J) A', = ^DA' « A'G 

and similarly CQ » AF. 
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Hence the distance of the foci of the elliptic section » AD ; 
for, dropping the perpendicular -4JE, A'E^f-^-g^ 

••. AD » 2\/a^ - 6* =s distance of fod. 

216. If in th^t section of a cone through the axis 
-which is perpendicular to the plane of an elliptic section, we 
describe circles touching the generating lines of the cone and 
the axis of the section, the points of contact with the axis 
will be the foci of the section. 

For the distance of the foci = -rf'D' (fig. 66). 

But A'D' = A' If - D'jr ^A'S-AU 
^AA'-'QAS; 
.-. JS^i (A A' - A'D^) ; 

therefore *y is a focus. Similarly, H may be shewn to be 
the other focus. 

Produce UU' to meet AA' produced in JC^ 
then from the similar triangles AUXy ADA\ 

AX AU AX AS 

s= or ^ " 

AA' AD ZAC iSC' 
AX AS CX AC 

therefore X is the point where the directrix meets the axis 
(Art. 1 10). Similarly, X' is the point where the other directrix 
meets the axis. 

217. When the section is a hyperbola, the equation is 

2d sin d. sin a sind. sin (2a + 0) « 

y8= w — : \ x\ 

cos a cos^ a 
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where sin (2a -¥ 6) is a negative quantity, and consequently 
the second term is positive ; by comparing this with 

a a^ 

we may determine the axes, of the curve, as in the case of the 
ellipse. When in this case d « 0, the equation becomes 

sin e. sin (2a + 0) ^ 

tr- i ^) 

COS'* a • 

which represents two generating lines of the cone. 

In this case also, the semi^conjugate axis is a mean pro^ 
portional between the perpendiculars dropped from the vertices 
of the hyperbola upon the axis of the cone ; and the distance 
of its foci is equal to the portion of the slant side inter- 
cepted by the perpendiculars. 

^ ,^ cPsin^asinfl dsind 

± or O' a* : — ; ;r- « tf SlU a • "T 



— sin (2o + 0) sin (2«- - 2a - 0) 

^ AY . J'V.sin^a ^ AF. A'G ^fg (fig. 82) ; 
and Aiy = 4a^ + 4^ - ^gig-f) « 40^ + 4/^=4 (a* + V). 

218. When the section is a parabola, or 2a + d«s9r, 
the equation is, since sind s sin 2 a, 

2(2 sin d. sin a 



cos a 



w « ^d^\v?aw. 



219- We must now demonstrate the converse proposi- 
tion, namely, that curves of the second order are conic 
sections. 

Every curve of the second order is contained in the 
equation 

y* as Aipsc + w^, 

where 4p is the latus rectum, and n the square of the ratio 
of the axes, abstracting the sign. What we have to demon- 
strate is, that the quantities j7, n, and a being given, we 
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can assign real values of d and 9 which shall render the 
above equation identical with 

Scf sin a . sin 9 sin d . sin (3a + d) , 

«• ^ • — — J? — ■■■■■' jur^ 

cosa cos'a 

Equating the coefHcients of of and a^ in the two equa- 
tions, we get 

d sin a . sin sin d . sin (2a + 6) 

— 2p, « - n, 

cosa cos* a 

the former of which will give a real value of d when is 
real; the latter may be transformed into 

J {cos2a-cos(2a + 20)} ■= - ncos*a> 

or cos2(a + 0) « 2 (l + n) cos'a - 1. 

In the ellipse, n is negative and less than 1 ; hence the 
preceding value of cos 2 (a + 0) lies between + 1 and - 1, 
and therefore is always real ; consequently any given ellipse 
may be regarded as a section of any proposed, right cone 
whatever. 

In the hyperbola, n is positive and of any magnitude; 
if the above value of cos 2 (a + 0) be negative,, it will be 
evidently less than 1, and will be real; but if it be 
positive, we must have, in order that may be real, 

2 (1 + n) cos* a - 1 less than 1, 

1 a 

and .*. cos a less than , , or than 



but if w be the angle which the asymptote makes with the 

a 
transverse axis, co&w = . ^ ,, ; .*. cos a < cos o), .•. a>w; 

V a* + 6* 

and therefore, in order that a given hyperbola may be cut 

from a given cone, the vertical angle of the cone must be 

not less than the angle between the asymptotes. 

In the parabola, n«0; therefore sindeO, or sin(2a+d)«0; 
the first is inadmissible^ for it makes p » ; the second gives 
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2a + = 7r, which will always furnish a real value for 9; 
hence a given parabola may be cut from any proposed cone. 



Sections of Cylinder and Oblique Cone by a Plane. 

220, To determine the curve which results from the 
intersection of a right cylinder with a plane. 

Let APA' (fig. 67) be a section of a right cylinder, 
AA'D a section of the cylinder through its axis, perpen- 
dicular to the plane of the section. Through any point P 
draw a plane perpendicular to the axis of the cylinder, 
intersecting it in a circle whose diameter is J/Q, and the 
plane of the section in PP' which will be perpendicular to 
MQy AA'j and will be a common ordinate of the section 
and circle. 

Let AN = Wy NP = y, AA' = 2a, AD = 2r, 

^ MN AN ^^^^ r 

but — — = 7-77, or MN = - ^, 
AD AA a 

NQ NA' ^r^ r ^ 

AD-^-JI^'^'^^^a^^''''^' 

.-. y^= — (2a/p-a?^), 
the equation to an ellipse* 

221. In the same manner the nature of the sections 
of an oblique cone may be determined ; but this, as well 
as the discussion of the sections of Conoids or figures gene- 
rated by the revolution of conic sections about their axes, 
may be more conveniently deferred to Geometry of Three 
Dimensions. There is however one important property of the 
oblique cone which admits of a simple demonstration, viz. 
that it may be cut by other planes besides those parallel 

9 
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to its basC) so that the sections may be circles, and which 
we shall give here. 

Let VBD (fig. 6%) be the principal section of an oblique 
cone, that is, a section made by a plane through its axis 
perpendicular to its base; and let MPQ, APA\ be two 
sections made by planes perpendicular to BVD, and of which 
the former is parallel to the base, and is therefore a circle 
with diameter MQ; and as PN is perpendicular to MQ^ 
we have PJN^ = MN . NQ ; and the latter will also be a 
circle, if L AA'V ^ ABD\ for in that case the triangles 

AMN^ A'NQ are similar, and ^rr— « -rrr? 

ivy NA 

.-. A'N. NA = MN. QN = PN", 

and as PN is perpendicular to AA', the section APA\ which 
is called a subcontrary section, is a circle; and it is deter- 
mined by two conditions (l) its plane is perpendicular to 
the principal section of the cone, and (2) its plane makes 
the same angle with one of the generating lines of the cone 
which are in the principal section, as the plane of the base 
does with the other. 



SECTION X. 

ON THE GENERAL EQUATION OF CURVES OF THE SECOND ORDER, 
AND ON CERTAIN GENERAL PROPERTIES OF ALGEBRAICAL 
CURVES. 



Reduction of the Greneral Equation of the Second Order. 

222. We shall now proceed to the reduction of the 
general equation of the second degree 

ay* + bxy + ca^ + dy + ea +f— 0, 

vrhere we suppose the co-ordinates rectangular ; for if they 
were oblique, by transforming them to rectangular co-ordi- 
nates we should obtain an equation of the same degree as 
the above, and which could not therefore be more general 
than the one we have assumed. We shall prove, as affirmed 
at Art. 62, that this equation by giving a proper position 
and direction to the origin and axes of the co-ordinates, 
can always be reduced to one of the forms, 

the co-ordinates being rectangular; and therefore can never 
represent any other curve than one of those discussed in 
the preceding Sections. The principle of the method is to 
change the system of co-ordinates, without giving any par- 
ticular values to the quantities which determine the position 
of the new axes. By that means, indeterminate quantities 
are introduced into the transformed equation, to which such 
values can afterwards be assigned as will destroy certain of 
its terms. Instead of altering both the origin and direction 
of the co-ordinate axes at once, it is more convenient to 
effect these changes separately, in the following manner. 

9 — 2 
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223. The general equation of the second order being 
aif" + hxy + ca? + dy + ew +/ = (p (a?, y) = 0, 

in order to get rid of the terms involving the simple powers 
of w and y, we must change the origin without altering the 
direction of the axes, by putting (Art. 39) ^ = ^' + h,y=^y +k; 
this gives 

ay^ + ba;'y + cw*^ + (2aA? + 6A + rf) y + (2cA + 6& + c) a?' 

+ ak^ + 6A;& + ch^ + dk + eh +f = 0, 

and equating the coefficients of a/ and y to zero, we get 

Qak + bh + d = 0) 

0)» 

which give ,for the co-ordinates of the new origin, provided 
b^ - 4ac be diflferent from zero, the single pair of deter- 
minate values 

_ 2ae-bd , 2cd-be 
b^ ^4iac^ b^ — 4}ac ' 

Hence the equation becomes, suppressing the accents, 

ay^ + ba^y + ca^ + <p (A, k) = 0, 

where d)(A, A)=/+ l(dA; + cA) =/+ — , 

' b^ — ^iac 

as appears by multiplying equations (l) by A? and h re- 
spectively, and taking their sum ; and since this equation 
remains unaltered when we change cs and y into — w and 
— y, the new origin is the centre of the curve. 

224. We must now get rid of the term involving the 
product of the co-ordinates asy, by changing the direction of 
the axes. For that purpose put (Art. 40), 

w ^ X cos - y' sin 0, y ^ ce sin + y' cos Q ; 

,'. a {a/^ Av? 6 + 2 cotf sin cos + y ^ cos^ Q) 

+ b {po^ sin cos + aly cos' - wy sin- - y ^ cos sin 0) 

+ c(a?'«cos*0 -%iJoy' cos0 sin0 + y ^ sin^0) + (A, A) = 0, 



} «' 
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or Ay"^ + Boc^ + (A, h) = 0, 
where A ^ a cos^ - 6 cos sin + c sin^ 01 
B ^ a sin* + 6 cos sin + c cos* 0^ 

and the coefficient of wy 

= 2 a sin cos + 6 (cos* Q - sin* 0) — 2c cos sin = 0^ 

which must give a real value for Q, in order that the term 
involving a/y may disappear; 

.\ {a - c) sin 20 + &cos20 = 0, 

or tan 20 = . 

a — c 

As the tangent of an angle may have any magnitude, it 
follows that this equation will always give real values for 
20; and if we denote by 2a that value of 20 which lies 
between zero and tt, then the positive values of 20 are 

2a, 7r + 2a, 27r + 2 a, 37r + 2a, &c.; 

consequently as lies between zero and 2w (Art. 41), there 
are four values of 0, viz. 

TT Sir 

ay - + «> TV -{-ay ~ + «> 

the two former of which determine two lines at right angles 
to one another, and the two latter determine the prolongations 
of these lines; so that if we take one of these lines for the 
axis of x\ the other will be the axis of y\ Hence there 
exists one system of rectangular axes, and one only, proper 
to make the product of the co-ordinates a/y' disappear from 
the transformed equation. 

If however we have,, at the same time, 6 = and 
a ^ c^ tan 20 becomes indeterminate, or rather the coeffi- 
cient of wy is identically zero; this proves that we may 
in that case take any two rectangular axes whatever, without 
introducing the product of the co-ordinates into the trans- 
formed equation; and agrees with (Art, 48), for the curve 
is then a circle. 
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225. We shall now proceed to the actual determination 
of the Axes of the curve. Since 

-6 



tan 2d 



.*. cos 2d 



a — c 



sin 2d s cos2d.tan2d - 



-6 



v/(a-c)« + 6»' 



in these expressions the radical may have either the sign 
+ or — ; because we are at liberty to choose either of the 
new axes for the axis of a;; but to avoid all ambiguity, 
we shall take the radical with a positive sign; then sin 2d 
will have a sign contrary to that of 6. 

Hence taking the sum and difference of equations (2), and 
substituting the above values of cos 2d and sin2d9 we get 

J + B = a + Cy 

la-cf + V , 

A-B^ (a-c)co82d-6sin2d « . \ = \/(o-c)«+fc*; 

.-. J = ^ {a + c + \/{a + cf + m}, 

putting m = 6^ — 4ac. 

226. We have now two cases to consider, according 
as m is positive or negative. 

First let m be negative, then A and B have the same 
sign; and supposing 0(A, A?) to be of a contrary sign to 
A and B, and = - C, the equation is 

-4y* + Ba? « C, which represents an ellipse 

•*!, • j^ /C j^ /C , - 27rA (A, A;) 

with semi-axes \/ _ , \/ — , and area = — , ^ ^ . 

A ^ B y/4^ac - 6« 

If (A, Ar) = 0, the equation is satisfied only by tt? « 0, y = o, 
i.e. it represents the point which is the origin; and if 
'0(A, A;) be of the same sign as A and B, the equation can 
be satisfied by no real values of w and y. 
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Secondly, let m be positive, then A and B have contrary- 
signs ; and whatever be the sign of (A, k) i. e. whether it 
equals + (7 or — C, the equation will be of one of the forms 

Jy" Bof Ba^ Af 

c c c c 

which represents a hyperbola with semi-axes \/ — , \/ — . 

If C = 0, the equation is ^ = st V/ . x, which represents 

two straight lines through the origin. 

.227* Next in the equation, 

ay^ + bay + ca^ '\- dy •¥ ew +/« 0, 

let the coefficients be such that W — 4ac s 0, and that the 
numerators' in the values of h and k are finite, then the 
co-ordinates of the centre are infinite, which signifies that the 
.curve has no centre. In this case, as we cannot by chang- 
ing the origin take away the terms involving the simple 
powers of w and y, our first object must be to destroy the 
term involving the rectangle wy. For that purpose put 

CD cos — y' sin for zp, and w sin •¥ y cos for y, 

and the equation becomes 

Ay^ + Bx^ + (dcos0 - e sin0) y + (dsind + ecosfl)<j?' +/= 0, 

the term involving afy disappearing, as before, by the con-^ 
dition 

-6 



tan 2d 



a — c 



which gives, since b^ = 4oc, 

-6 «6 



sin 2d 



cos 20 , 

a + e 






136 

taking the radical with the positive sign. Hence by means 
of the formulae 



cos 9 = v/l(i + cos 20), sin 9 = \/^ (1 - cos 20), we get 

d^a — ey/c 

d cos — e sin d B . — =» D, 

V a + c 

a sin + ecosd «= — e JB. 

Also ji = ^ {a + c + v/(«-c)*^ +6^} = o + c?, 

therefore the equation becomes, suppressing the accents, 

Jy* + 2>y + !?«?+/ «0, 

which represents a parabola, latus rectum *» -j 9 ^^nd co-ordi- 



nates of its vertex ao^ — ^ - ^ ^ , y=— -^-jj *od axis pa- 



rallel to the new axis of ^. In this case the co-ordinates 
of the new origin cannot become infinite ; for ^ « a + can- 
not become zero since a and o have the same sign ; and if 
£ = 0, then the transformed equation will no longer con- 
tain w ; and being solved with respect to y^ it will furnish 
two constant values for y^ so that it will represent two 
parallel lines. 

228. Since the general equation of the second order 
represents an ellipse, hyperbola, or parabola, according as 
h^ — 4iac is negative, positive, or zero, it follows that 






- + »».a;y = l, 



will represent an ellipse, hyperbola, or parabola, according 
as m is negative, positive, or zero ; and under this form 
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ot the equation the nxis of <v is evidently a tangent to the 
curve, since when y ^ each value of w becomes equal to 
h ; similarly the axis of ^ is a tangents 

When m^Of the equation becomes 

or, taking the upper sign, (r + T — l) =0 representing two 
straight lines that coincide; with the lower sign we get 






""' - k - h 

for the equation to the parabola referred to any two of its 
tangents as axes. The curve lies wholly between the positive 
parts of the axes ; as long as a? < A and y <k, the positive 
sign occurs on both sides ; when w>h and y>k the negative 
sign must be taken on the first side. 

229. If in Art. S23 the coefficients of the proposed 
equation are such that one of the numerators ^ae '- bd is 
zero, at the same time that b^ = ^ac^ (which two suppo* 
sitions make the other numerator Zed -^ be also vanish) both 
the co-ordinates of the centre become indeterminate ; the two 
equations (1) in that case are equivalent to a single inde- 
pendent equation, and the two lines which they represent, 
regarding h and k as the co-ordinates, coincide, and there 
exists an infinite number of centres all situated in that line. 
The proposed equation, with the above relations among its 
coefiicients, no longer, in fact, represents a curve, but two 
parallel straight lines; for, solving it, we get 

y = ± — V^(6^ - 4ac)a;* + 2(6d - %ae)w + rf* - 4a/, 

/id mCL 
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and this in the supposed case becomes 

bof + d 1 A— - 

and therefore represents two parallel straight lines, which 
are replaced by a single one if cP >■ 4 a/; and become alto- 
gether imaginary if d*<4o/l 

230. We shall now shew how to deduce the nature 
and position of curves of the second order immediately 
from their general equation, without transformation of co- 
ordinates. 

The value of y in the preceding Art., since the expres- 
sion under the radical sign has either two real factors or none, 
may be written (supposing w = 6* — 4ac to be diflferent from 
zero) either 

hx + d 1 / 
y = :^^'^^Vm(a)-g)(w-h), (1) 

ory--^^±i-V'«»J(^-a)» + /3«}. (2) 
xa 2a 

The line y ^ is evidently a diameter of the curve, 

for it bisects all chords parallel to the axis of y. If m be 
negative, the value of y in the former equation is real 
only from x ^ g to ti? ■= A, supposing h>gy and cannot be- 
come infinite between those limits ; and in the latter y 
is imaginary for every value of a?; therefore the curve is 
limited in all directions, and is an ellipse situated as in fig. 
84, where NN' == h - g; and P^N*, PN are the first and 
last ordinates touching the ellipse at the extremities of the 
diameter PP' whose equation is 2ay + bx + d ^0. IfJf 
be the middle point of NN*, then when x = OM, the irra- 
tional part of y, represented by DC, attains its greatest 
value ; therefore the tangent at 2> is parallel to PP^ ; hence 
CP, CD are a pair of semi-conjugate diameters, whose mag- 
nitudes and inclination being known, the axes of the ellipse 
may be determined (Art. 145). Also, w being the angle be- 
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tween the axes, the area of the ellipse = ir.CD . CP sin PCD 

^T% -Mr^T 7rsinw;v — m^, 
= w sinw.CD.jyrJNT- ^ (A-^) 

*ir sin w 

If h = g, then a^g is the only value that makes y real, 
and the ellipse is reduced to a point. 

231. When m is positive, w may have in (l) all values 
except those lying |?etween g and A, and in (2) all values 
whatever; therefore, in both cases, the curve goes off to 
infinity in four directions, and is a Hyperbola. 

For equation (l), the curve (fig. 85) is met by the 
diameter 2ay + 6a? + d = in the points P, P', for which 
OJV = g9 ON = h ; and no part of the curve lies between 
the parallels PNy P^N\ Also the equation to the asymptotes 
^obtained by developing the irrational part of y and neg- 
lecting negative powers of «r) is 

both of which lines meet the diameter TC in C the middle 
point of PP^, \i h^ g^ the curve is reduced to two straight 
lines coincident with the asymptotes. For equation (2) the 
hyperbola is situated as in fig. %Q^ each branch being convex 
towards the diameter TC which does not meet the curve at 
all. When a? = a = OMy the irrational part of y receives its 
least value represented by CD, and the tangent at Z> is 
consequently parallel to the diameter 7'C Also the equation 
to the asymptotes is 

6^ + rf \/fk , 
^ 2a 2a ^ ^^ 

both of which meet the diameter TC in C the middle point 
of DD\ When /3 = 0, the curve is reduced to two straight 
lines coincident with the asymptotes* > 
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232. If in the general equation c « 0, then m is positive 
and the curve is a hyperbola ; therefore if a a o (in which 
case the preceding results seem to fail) solving the equation 
with respect to w^ our conclusions would still hold. In 
the case however of the square of one of the variables being 
wanting, the simpler plan is to solve the equation with re- 
spect to that variable, and we get 

y (bw + d) + ca^ + ew +f = 0, 

or, by division, 

bw ^d 

corresponding to which equation the position of the curve 
is that in fig. 87^ one of the asymptotes being CP with 
equation y « par + 9, and the other CD parallel to the axis ^ 

of y^ whose equation is 6^ + d » 0. If /s o, the equation 
is reduced to (pj? + g^ — y) (6 a? + d) = 0, representing two 
straight lines. 

233. When m « 0, the general equation, solved with 
respect to y, becomes 



&<!r + d I J 



2a 2a 

then if p be positive, x may be taken from zero to infinity, 
and y at the same time increases to infinity, both positively 
and negatively ; but if x be taken negative beyond a certain 
limit, y becomes imaginary; therefore the curve has only 
two infinite branches, and is a parabola in the position QPR 
represented by fig. 88, TP being the diameter meeting the 
curve in P. If p be negative, w must be taken negatively 
to infinity, and the curve has the reversed position Q'PR\ 
If p 8 0, the equation represents two straight lines parallel 
to the diameter TP and at equal distances from it; which 
coincide if 9 = 0, and become imaginary if q be negative. 

234. In determining the actual position and magnitude 
of the Axes of a conic section from its equation, it will be 
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always found convenient, as a first step, to transfer the 
origin to the centre, when it exists; or to a point in the 
curve, when there is no centre. The following are instances 
of the principal cases that can occur. 

Ex. 1. y* - 2mwy + (m* + n*) a?* - n^c? = 0, 
which represents an ellipse (fig. 84) ; 

.•. y = mw ± n s/i? - afy 

when 4? as 0, y ■= CD = nc, 

when no ■= CQ es e, y =» PQ = mc% 

ab= CD xCQ^ nc^y 

m 

and a- - (a* - 6^) sin^ (p « c*, where Z ACQ = ; 
which equations give the magnitude and position of the Axes. 

Ex. 2. y* - 2 f?ia?y + (m* - n*) a;* + «*c* = 0, 
which represents a hyperbola (fig, 85) ; 

.•. y =s mof i n \/a?* - c% 

when a? = 0, y = C2)\/^ « «c v^- 1> 

when w ^CQ^ Cy y ^ PQs^ mc; 

,-. a2_52^C'p«^C'2y=:€^(l+m»-w«), 

ab^CDy. CQ^ n&y 

and a* - (a* + V) sin* ^ = c*, where z ^CQ « ; 

ivhich equations give the magnitude and position of the Axes. 

Ex. 3, if -^{m-^ vri) wy + mm a? — c* e o, 
which represents a hyperbola (fig. 86) ; 

••• y - i(^ + m') a7 i \/^(w' - my a? + &. 

The diameter CP whose equation is y = ^(m + m') a? « tana.<r, 
falls between the two branches of the curve, and y « m'o?. 
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y ^mwy are the equations to the asymptotes CL\ CLj so 
that if CB be the conjugate axis inclined to the axis of 
m at an angle ^^ 

j3 = ^ (L'Ca? + LCw) = ^(7' + 7) suppose; 

^1 1 \/T+m^\/l+w*+l-f»f»' 

.'. cotanp e -^ ^-— — y = ; 

sm2 BCa tanZBCof m-ym 

and if the tangent at Z>, which is parallel to CP9 meet the 
transverse axis in t, we get a and b in terms of m, m', from 

a^ = Ct. CD cos 5Ca? « ^r, and - = cot BCL, 

1 + tanatanp a 

or a^ {1 + cos (7' - 7)} = 5* {l - cos(7' - y)} =" ^'^os 7' COS7. 

Ex. 4. y « ma; + - which represents a hyperbola (fig. 87) 

one of whose asymptotes is the axis of y, and the other the line 
CP with, equation y ^mx. Let CA be the transverse axis, 

.-. tan AC SB - tan ^(90° + PCoi) » tan PCo? + secPCa; 

= \/l + w* + m. 
Let y and y' be co-ordinates of A; jthen 



tn 



x 4—,^ m v/l + w* + ma?' ; .•. a?'* = 



€ 



a? V 1 + m 

.-. a* » 2c (v/l + m* + m), 

and - «B cot ACar ; .-. 6* = 2c (\/l + m* - m). 

Ex. 5. y* - 2myoff + m^w^ — ca? =» 0, 

which represents a parabola (fig. 88) ;• 

.*. y = mw + v ca?. 

The axis of y is a tangent at P the origin, and the line 
PVy whose equation is y = mw, a diameter. 

Let ZyPr^a, PJV = a?, then Pr«-^ and Qr= v/^; 

sma 
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(s 4a 

►•. ex = - — X . ^ ; /. latus rectum (4a) = csin^a 
sin a siira 



c 

—J ; and distance of P from the axis 

(1 + mO* 



2a 
m 



General Properties of Algebraical Curves. 

235. The general equation of the w*^ degree between 
J? and ffy ought to contain all the combinations of the powers 
of X and y in which the. sum of the indices does not ex- 
ceed n ; therefore when complete and arranged according to 
descending powers of y, it will be 

«oy" + (^0 + 6i^) y""^ + (Cq + CiX + CgcP^) y»-2 + &c. 

+ Qq + h^ + h^ + &c. + l^af) = 0. 

All equations between two variables x and y, which can 
be reduced to this form, are called algebraical, all others 
are called transcendental ; hence arises the distinction of 
lines into algebraical and transcendental, according as their 
equations are algebraical or transcendental. 

236. The classification of lines in different orders, accord- 
ing to the degrees of their equations, would be to little pur- 
pose, if by changing the axes of the co-ordinates we altered 
the degree of the equation. But this is not the case. For, 
having given, between x and y, the equation to a line re- 
ferred to certain axes, in order to get the equation to the 
same line referred to new axes, we must replace x and y 
in the given equation by the values found in Art. 41 ; 
and as these values are of the first degree in x' and y', it 
follows that the degree of the equation cannot be raised by 
this substitution. Neither can the degree of the transformed 
equation be less than that of the primitive equation; for 
if it could, then, by what has been proved, we could not 
return from it to the primitive equation, which is absurd. 

237. The general equation of any degree comprehends not 
only all lines of the order expressed by that degree, but also 
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all lines of inferior orders. Thus the above general equa- 
tion of the w*^ degree, by making Oq = fei = Cg = ... = /„ = 0, 
degenerates into the equation of the (n — !)"*• Also the 
equation of the second degree 

(y — mof - c) (y - m^w - c') = 

is clearly verified either by putting y^maf + c^ or y = 7w'^ +c', 
which represent two lines of the first order; so that the 
proposed equation does not in reality represent a line of the 
second order at all, but two straight lines; or only one 
even of these, if m = w, c« c. Similarly, the equation of 
the third order 

(y - mw - c) (ay — /»*)«= 

represents a line of the first order, and one of the second 
whose equation is ay -^ afl sz o. And, in general, according as 
a proposed equation of any degree is not, or is capable of 
being resolved into factors which are rational with respect to 
the variables w and y, it will represent a single line of the 
corresponding order, or several distinct lines of inferior orders. 

238. A straight line cannot meet a curve of the n^ order 
in more than n points. 

Let the co-ordinates be transformed so that the pro- 
posed line may be the axis of Wj and let F » be the re- 
sulting equation to the curve; in order to determine the 
points in which it is intersected by the straight line, we 
must put y ss in the equation r=:0, and the corresponding 
values of or will be the abscissse of the required points. 
But r =s being of the n^ degree, the equation for deter- 
mining X will be at the most of the n^ degree; therefore 
Of cannot have more than n values, and there cannot be more 
than n points of intersection ;. but there may be fewer than 
w, for the equation for determining w may be of a degree 
inferior to n, and may have equal or imaginary roots. 

239. The general equation of the n^^ degree between two 
variables, when complete, contains 1 + 2 + 3 + &c. + (n + l), 
or ^(n + 1) (n + 2), arbitrary constants, in which, since we 
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may divide the whole equation by one of them, there is one 
superfluous which might be suppressed; consequently the 
number of independent constants is 

^ (7i + 1) (7^ + 2) - 1, or ^n(n + S). 

Hence a curve of the n^ order may be made to fulfil 
^n(7i + d) conditions; as, for instance, to pass through 
^n {n + 3) points ; for, giving to x and y their values, at each 
of the given points, we get ^n(n + 3) different equations 
by means of which the values of the constants may be de- 
termined. Hence a curve of the second order may be deter- 
mined so as to pass through five given points ; as will be 
seen in the following Problem. 

240. To determine the conic section which shall pasar 
through five given points. 

Take the axes of the co-ordinates so that each axis con- 
tains two of the given points ; and let ^i, ^29 ^^ ^he ordinates 
of the points situated in the axis of y ; x^^ w^y the abscissae 
of the points situated in the axis of w\ and w^^ ^3, the co^ 
ordinates of the fifth given point. Then substituting suc- 
cessively the co-ordinates of each of these points in the place 
of w and y in the general equation (where every coefficient 
is divided by the constant term), 

aif + hiVy + cx^ + dy + co? + 1 = 0, 
we get the five equations 

ay\ + dj^i + 1 = 0, ay\ + dyg + 1 = 0, 
cw\ + ea?i + 1=0, cx\ + ea?^ +1=0, 
ay\ + hw^y^i + cw\ + dy^ + c<!i?3 + 1 = 0, 

which give for the five unknown quantities, the values 
10 
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Now provided no three of the given points be in a straight 
line, none of the quantities a?i, w^^ &c. is zero ; therefore the 
above values of a, 6, &c. are neither infinite, nor indeterminate, 
and none of them has more than one value ; therefore through 
five points, provided no three be in a straight line, a conic 
section, and only one, can be made to pass, 

241. Every curve of the n^^ order which passes through 
^n(n + 3) - 1 given fixed points, will also pa§s through 
^n(n - 3) + 1 additional fixed points. 

Since the given points are one fewer in number than 
what would be sufficient to completely determine a curve 
of the n^^ order, an infinite number of such curves may be 
<lescribed through them. Of these, let us consider any two 
whose equations are -Jf = 0, Jf ' = ; then the equation 
M' + fiM = 0, (l) (where /m is an indeterminate constant) will 
include all the curves of the n^^ order that can pass through 
the given points, since the equation of every such curve 
could involve only one undetermined constant. But equa- 
tion (l) will be satisfied by every pair of values of *v and y 
which satisfy Jf =0, J/' = 0; therefore the curve (l) will 
pass through the w* points of intersection of Jl/ = 0, Jf = ; 
that is, all the curves will pass through the points of intersec- 
tion of any two of them ; therefore all the points of inter- 

1 /» 1 . 1 , n(n -\' S) 
section must be nxed points ; and the 1 given 

points will determine the remaining points of intersection. 
Hence every curve of the n^ order, besides passing through 
a number of fixed points one less than the number sufficient to 
completely determine it, will also pass through an additional 
number of fixed points such that added to the former it makes 
up n^, the entire number of points in which two curves of 
the n^^ order can intersect one another. 

Hence 8 given points of a curve of the third order will 
determine a ninth point of the same curve ; and 13 given 
points of a curve of the 4th order will determine 3 new 
points of the same curve. 
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f 242. ' To find the position of the centre of any curve. 

The centre of a curve is a point C (fig. 24), such that 
any chord of the curve PP' drawn through it, is bisected in 
it.. (It must be observed, however, that if PP' meet the 
curve in more points than two, it is sufficient that these 
points combined in a certain order should be two and two 
equally distant from C.) If the curve be referred to any 
two axes originating in C, and PiV, P^N' be the ordinates 
parallel to Cy of the extremities of a chord, we see from the 
equal triangles PCN, P'CN\ that these ordinates are equal 
and of contrary signs ; the same thing is true for the abscissae 
of P and P*; as well as for the extremities of every other 
chord passing through C If therefore («r, y) = be the 
equation to the curve, and if it be satisfied by zr = a, y =^b, 
it must also be satisfied by 0?=— a, y=— fe; that is, it 
must be such as not to alter when the signs of the two vari- 
ables are changed ; and conversely, if it have this property, 
the origin is the centre of the curve. When 0(fl?, y) — is 
algebraic, it cannot have the above property unless the di- 
mengion of every term be even in an equation of an even 
degree, and odd in an equation of an odd degree; for in 
the former case the equation is not at all altered by replacing 
w and y hy "OS and ~ y ; and in the latter (in which case 
the equation cannot have a constant term) the sign of every 
term will be altered, and therefore the whole equation un- 
altered. Hence to find whether a proposed curve admits 
of a centre, we must refer it to parallel axes through a new 
origin having co-ordinates A, A:, by putting w = tV + h^ y = y' + k ; 
and equate to zero the coefficients of all the terms which 
are of a dimension different (as far as regards odd and even) 
from the degree of the equation ; if these conditions can all 
be satisfied by real and finite values of h and A;, the curve 
has a centre, and h and k are its co-ordinates ; in the contrary 
case the curve has no centre. Of this process we have an 
example at Art. 223. 

243. The locus of the middle points of a system of 
parallel chords of any curve, is called its diametral curve. 

10—2 
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If the curve be of the «*** order, the pointis of intersection 
with its ordinates real or imaginary will be in number n; 
and their combinations on the same indefinite line will form 
^n(n-' 1) difi*erent chords, and as many middle points, and 
therefore the diametral curve, since it may be met by an 
indefinite line in ^n(n — 1) points, will have an equation of 
the degree ^n(n — 1). For curves of the second order, since 
n = 2, the diametral curves can only be straight lines ; for 
curves of the third order, the diametral curves are also of 
the third order. 

244. To find the locus of the middle points of a system 
of parallel chords of any curve. 

Let the chords be parallel to a line through the origin 
whose equation is y ^mw, and let 0(^, y) « 0, be the equa- 
tion to the curve; also let w\ y\ be the co-ordinates of the 
middle point of any one of these chords, and take it for the 
origin without altering the direction of the axes, and therefore 
put so + w for a?, and y -{-y for y ; then the transformed 
equation to the curve is <p{a/ + of^y +y) = 0, and the ^ua- 
tion to the chord is y ^ mx. Hence the values of /r, cor- 
responding to the points of intersection of the curve and 
chord, result from the equation {x + a?, y •\- mx) = 0, or 



af" + piX^"^ + p^af^'^ + &c. + p» = 0, suppose ; 

and because the origin bisects the chord, this equation must 
be satisfied by — x, 

.•. a?» - PiX^^^ + P2^"* - &c. + (- l)"p, = ; 

between which two equations if we eliminate x, we obtain 
a relation between x' and y, which is the equation to the 
required locus. 

■ 

245. Thus if 0(tr, y) = be the general equation of 
the second order, 

ay^ + bxy + cx^ + dy + ex +/«? 0, 



■*>^nr^^i^ 
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putting ar^ w' + a, and t/'^y' + tnw^ we get 

a(y' + mofy + b(/p + w) {y + mai) + c (^r + tr')^ 

and because the values of w are to be equal and of contrary 
signs, the term involving the first power of w must disappear ; 

.". 2amy' + b(<cm + y') + 2ca?' + dm + c « 0, 

or y(Qam + b) + a?' (2c + bm) + dm + e = 0, 

the equation to a straight line. Hence there will be an 
infinite number of diameters corresponding to the various 
values of m. 

If the diameter is to be perpendicular to its chords, we 
must have 

/ 2c + bm\ , 2(c - a) 

1 + m r *0>> orm'H ; — ^f?i-r=0,' 

V 2am •{'bj b 

which will necessarily give two real values of m ; hence there 
are generally two diameters which bisect their ordinates per- 
pendicularly. 

If (p (ar, y) «= be the general equation to curves of the 
third order, and 

(p {p + a?, y' + fnw) m a^ ^ p^a^ + p^x + 2?3 « 0, 

then also a? — piO^ + p^x — 7)3 = ; 

therefore, adding and subtracting, a?' + p2 = 0, piO^ + jps = ; 

•*• p^^P\P% is the equation to the diametral curve.. 

246. Not only are Algebraical curves distributed into 
orders according to the degree of their equations ; but also the 
different families of lines are investigated, which may be com- 
prised amongst those of the same order; and even the dif- 
ferent species of each family, if necessary. The individual 
lines of the same family, or species, are then classified ac- 
pording to certain characteristics easy to be recognized, which 
completely distinguish them from one another; and lastly it is( 



150 

endeavoured to determine the form and properties of each of 
them. This has been here effected for equations of the first 
and second degrees ; the former gives only straight lines, as 
has been said ; the latter gives three species of curves suf- 
ficiently distinct ; viz. the parabola, which has no centre ; and 
the ellipse and hyperbola, both of which have a centre, biAt 
only the latter has asymptotes. 

The enumeration of lines of the third order was first 
made by Newton, who found 72 species comprized in 14 
divisions ; Stirling added 4 species which had been omitted ; 
and, lastly, Cramer added two more, making in all 78 species. 

On tracing Cuives from their Equations. 

247. When a curve passes through the origin, the angle 
at which it cuts the axis of <r may be determined by taking 

y 

the limit of - when a? = 0, which will be the value of the 

OB 

tangent of that angle. 

Let AP be a curve passing through the origin A (fig. 72), 
P a point in it near A with co-ordinates AN = j?, NP = y ; 

draw the secant JP, then tan PAN = - ; now let P move 

w 

up to and coincide with A^ then the secant AP coincides 

with AT the tangent to the curve at Ay and 

y 

tan TAN = limit of tan PAN = limit of - , when ^ = 0. 

Hence the angles at which a proposed curve cuts the co- 
ordinate axes may always be determined; for we have only 
to transfer the origin to one of the points in question, and 

y 

x 
J? = 0. 



y 

in the transformed equation take the limit of - by putting 

MMm 



248: In tracing curves from their equations, whenever 
y is given, or can be found, in an explicit function of «, 
it will be best to use algebraical processes alone. 
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Firsts determine the points where the curve cuts the 
axis of 07, and its shape at those points. For that purpose 
transfer the tjrigin of co-ordinates, if necessary, to one of 
the points; expand y in a series ascending by powers of «, 
and let 

y = aw^ + baf^ + &c. 

If m < 1, limit of - = oo ; therefore the curve is per- 

w 

pendicular to the axis of w, and immediately afterwards is 
concave towards that axis. 

y 

If «j = 1, limit of - sa a ; therefore the curve cuts the 

«r 

axis of x at an angle whose tangent is a, and immediately 
afterwards is situated above or below the tangent, i.e. is 
convex or concave towards the axis of a?, according as b is 
positive or negative. 

• y 

If w»>l, limit of - = 0; therefore the curve touches the 

X 

axis of <v, and immediately afterwards is convex towards 
that axis. 

Similarly, the form of the curve at all its other inter- 
sections with both the axes may be found. 

Secondly, determine the nature of the infinite branches; 
and to that end expand y m b, descending series of powers 
of w (on the supposition that both w and y are very great), 
and let 

y =: aaf^ + 6ci?*+ + ex +/+ - + ; 

X 



.-. y = aa?" 4- 6/1?" + -^ex+f is the equation to the 

asymptotic curve, above or below which the given curve is 
situated, according as g is positive or negative. 

If f» = 1, the equation to the asymptote is y = c«J?+/, 
representing a straight line; and the curve is situated above 
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or below the asymptote, according as ^ is positive or negative; 
consequently, as the curve will be convex towards the recti- 
linear asymptote with which it continually tends to coincide, 
^t will ultimately be convex or concave towards the axis of a?, 
according as the first of the neglected terms is positive or 
negative. 

In this case the infinite branch represented by 

y = car +/+-:!- 



is said to be hyperbolic. 

If m > 1, the infinite branch is parabolic ; and it is con- 
cave or convex towards the axis of ^, according as its 
asymptote is concave or convex towards that axis. 

« 

249. Having thus found the figure of the curve at the 
points where it cuts the axes, and also when w and y are 
very great, the intermediate parts may generally be traced. 
For the actual position of the maximum or minimum ordi- 
nates and points of contrary flexure, recourse must be had 
to the methods of the Difierential Calculus. 

If the equation to a curve can be resolved, and give 
for y the values F, V\ &c. functions of aj and constants, 
we must trace separately each of the curves represented by 
y = F, y = F', &c., all of which will be particular branches 
of the proposed curve. The branches cannot terminate ab- 
ruptly; they will either go on to infinity, or the ordiriates 
will become imaginary, in which case two branches will be 
united and mutually continue one another. 

Ex. 1. To trace the curve whose equation is ay^ = {a^-af^y 
(fig. 73). 

Since the equation does not alter when -tr is written 
for <r, the curve is symmetrical with respect to the axis 
of y; also for any value of «r, y has only one possible 
value^ and is always positive. When ^ » 0, y ^ a, and as. 
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,r increases either way, y diminisbes; therefore a is a tnaxi- 

mum value of y^ and the curve cuts the a^is oi y at B at 

right angles, and is concave to the axis of x. When w ^ a, 

y = 0, and the curvef cuts the axis of ^ at right angles 

at J, because if we renoove the origin to that point by 

making ,v = a + a;\ we get ay^ = (2aa?' + a?'^)^, and therefore 

y^ . (2 a + «r')^ 
limit of -7- = limit of — : -, = 00 . When a? > a, the 

equation becomes oy^ = (jc^ — a^)\ and as w increases, y in- 
creases, till Of is very large, when the relation between 
them approximates to 



I 4 / a\\ 4/ 2a*\ 4 2a« 



••. a^y^w^ is the equation to the asymptotic parabola ZOZ\, 
below which the curve lies, because the second term of the 
expansion of y is negative. Hence the figure of the curve 
is that annexed, having a point of inflexion at P; for the 
curve is concave to the axis of w at Ay and afterwards con- 
vex because the parabola with which it tends to coincide is 
so. There is of course another point of inflexion at P*. 

Ex. 2. To trace the curve whose equation is 

When a? = 0, y= — , and the curve cuts the axis of y 

at D; as long as a?<l, y is negative and becomes infinite 
when ,1? = 1 ; therefore the ordinate BE corresponding to «v s 1 
is an asymptote, and we thus get the branch DE. 

When X is between 1 and 2, y is positive, and becomes 
very great both when a? is a little less than 2 and a little 
greater than 1, and gives the portion E!GT*^ 

When a? — 2, y is infinite, so that the ordinate FP is 
an asymptote. 
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When Of lies between 2 and 5, y is negative and gives 
the portion FH. 

When a? =s 3, y = 0, and the curve cuts the axis at H. 

When a? > 3, y is positive and gives the portion HK ; 
and when os is very great, 

w 1 
y 8s— s er 0; 

or --Sx w ^ S 
therefore the axis of w is an asymptote; 

When X is negative, the equation is 

0? + 3 



(o? + 1) (a? + 2) ' 

tlierefore ^ is always negative, and diminishes as w increases, 
and becomes when a? s qq and gives the branch DL. 

Ex. 3. To trace the curve whose equation is 
ay ^ aP -{• w \/9.aop ^ w^ (fig. 75). 

Taking the radical, which of course admits of a double 
sign, first with a positive sign, we have when <» = 0, y = 0, 

y 

and limit of - = ; therefore the curve passes through the 

origin A and touches the axis of as ; when a: ^ a, y ^2ay 
and when <rs2a, ^ s 4a, beydnd which y is impossible; 
we thus get the portion of the curve AEDy the ordinate 
CD being a tangent at Z>. Again taking the radical with 
a negative sign, so that 

ay t=z a^ ^ {v\/^ax — a?% 

y 

w - gives y = 0, and limit of - = 0, as before ; as long 

as a? < a, y is negative ; when a? = a, y = 0, and putting 
J?' + o for /v we get, supposing a?' very small, 

3 f/ 

at/ = aa + - a?'* ; .*. limit of — = l ; 

2 0? 
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hence the portion of the curve AFB touches the axis of x 
at A J and cuts it at an angle of 45^ at B^ and is there 
situated above the tangent. When dP = 2a, y=:4a = DC, 
and for greater values of Wy y is impossible; hence DC is 
a tangent to both portions of the curve at Z), the point 
in which they are united. For all negative values of <r, 
^ is impossible. The curve is therefore such as is repre- 
sented, the tangent being parallel to the axis oi w vX P 
and E. 



PROBLEMS. 



1. The equation y* - 9<vy sec a + 'E* * 0, represents two. 
ght lines that include on angle = a. 

Solving the equation we get 

y* — 2iry seca + ai*sec*a " «* tan*a; 

.'. jf ^ w (sec a ^ tan a), 

h represents two straight lines ; and if d be the angle 
een them, 

tn — m' 2 tan a 



',. To find the equation to a straight line which shall 
through the point of intersection of two given lines and 
t the angle between them. 

Let CB, CB' (fig. 13) be the two given lines, determined 
he equations y « mar + c, y ^ m'x + c, and making the 
>B a, a'y with the axis of dr; CE the required line 
ng an angle 9 with that axis ; then the co-ordinates of 
e known from Art. 24 ; 




-equired equation ; the negative sign of the radical re- 
ig to C£^ which is perpendicular to CE. 



1 
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3. To find th^ equation to the line joining the middle 
points of the diagonals of a quadrilateral* 

Let y =^ mJVj y ^ nx^ be the equations to the sides ABy 
ADj (fig. 89) ; and y = ky a? « A, the equations to the other 
two sides to which the co-ordinate axes are drawn parallel. 
Then if 0, O' be the middle points of the diagonals JCy 
BD, the co-ordinates of O are ^Ar, ^h and of 0', ^(Ar + nA), 

^ [ A + — A? ) ; therefore the equation required to 00' is 

It may be remarked that if we produce AB^ DC, two op- 
posite sides to meet in M ; and JD^ BCy the other two sides 
to meet in N; then MN may be regarded as a third diagonal 
of the quadrilateral, since it joins the points of intersection of 
the sides ; and the co-ordinates of the middle point of MN 
will be 

47 = ^fA + -AJ5 y- ^(ft + mA); 

ivhich evidently fulfil the equation to 0& ; therefore MN is 
bisected by 0& produced. 

4. The line bisecting the diagonals of any quadrilateral, 
passes through the intersection of the lines joining the middle 
points of the opposite sides. 

The coordinates of the middle point of AD (fig. 89) 

areo^s^A, ^s^nA, and of SC y^ky a7Bx^fA + — j; 

therefore the line joining these middle points has for its 
equation 

y-^nA- ^ (^-^A) (I); 

but equation to OOf is 



therefore for point of interaection of (l) and 0&, 

l{b-nk)~ (^-^A), orx-iA=— . 

But the line joining tlie middle points of JB and DC 
for its equation 

consequently for intersection of (2) with 00' we have 

„ (ar _ Xh), which also gives x — kh = — i 

efore (l) and (2) both intersect 00' in the same point. 

5. If any four points in a plane, A, B, C, D he joined 
straight lines two and two in every possible way, the 
ing lines being produced if necessary to intersect; and 
lese points of intersection be also joined two and two in 
y possible way ; every straight line in the figure Bo formed 
be harmonically divided. 

Take HM, HN (fig. 89) for the co-ordinate axes, and 
}lD = a, HA = a, HN~h, HF=b, HG~b, HM~c. 

Then the equations to BD, AC, are respectively (Art. 24) 

a c \h k ) 

a c \h k I 

of which are satisfied hy ^ = 0, jr = & ; 
6 lb \ 



Also since BD, AC, pass re^ectively through the points 
A, 

a I a \ a (a \ 
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2 11 2 11 



n a a a + a a a+A 

which shews that AN is harmonically divided. 

Again, 

k b " c h a + a 

— .- — - = n « — .— — - , 
c b — k a a -\'h 

b k --c a h — a 2 1 1 

.-. -.7 — r»- 7 r= h <>r - = - + -, 

c b — k a n + a k b c 

which shews that HM is harmonically divided ; and, the same 
may be similarly proved of the other lines of the figure. 

6. To express .he .™ of . .ri.„gU in t.™, of .h. 

co-ordinates a^, y ; a^\ y ; a?% y" ; of its angular points. 

Let P, P\ P" be its angular points, through which 
draw ordinates meeting the axis of a? in JV", A^', N'' ; then 
(Art. 35) 

area = trapez. NPP'N' + N'P^P'N'' - NPP"N'' 

= ^sinctf {(y'+y) (^'-^) + (y '+y ) («"-a?')-(y"+y)(«r"-j7)} 

= lsin(y{(y+y)(a7'-^)+(y''+y')(^'-^0+(y-^/)(^-■^'')^• 

?• If through any point in a line joining the vertex 
of a triangle with the middle point of the base, lines be 
drawn from the extremities of the base to meet the other 
two sides or those sides produced, the line joining the points 
of intersection will be parallel to the base. 

Take, the base AB (fig. 90) for the axis of a?, and the 
line bisecting it CD for that of y; and let OA => OB = a, 
OD = 6, OC = c ; then the equations to jBC, -4D, are 

w y <v y 

a c a o 

therefore for the ordinate of £, we get 

y y ^ 

c b 
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The equations to BD^ AC^ are 

ah a c 

.-. for jP, - ? + ?^ = 2 ; 

c b 

which, being the same as for E^ is the equation to the line 
passing through those points; that line is therefore parallel 
to AB. 



8. A perpendicular being dropped from a point (a, b) 
upon a line whose equation, referred to axes inclined at aa 
angle wy is 

a y 

1 + I ' = ^» 

a + cos o) o + a cos w 

to find its equation and its length. 

Its equation will be (Art. 33) 

(y —b)(m-\- cos cw) + (a? - a) (l + m cos co) = 0, 

or, substituting for m its value , and reducing, 

a + o cos w 

(y — fe) 6 =s (* — a) a. 

Also, substituting for m its value in the formula of Art. 34, 

we get for its length 

ab sin^cci 
p s 

V a' + fc* + 2 a6 cos CO 

9. To find the polar equation to a line which shall pass 
through two points whose polar co-ordinates are given. 

Let P', P', (fig. 14) be the two given: points respectively 
determined by the polar co-ordinates r', a ; r\ a \ and P 
any other point whose co-ordinates are r and 0; 

PP' , pp^ ^ ppf ^ pp 
tnen i« PP* "".p'p" "" p j^' * 
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, PP' JP sin PAP'' ran (9 -a") 
but ^ 



f>\ ' 



P'P" JP" sin P'JP' r' siD (o' - a' ) 
. ., , PP' rsin(0-a') 

r sin (0 - a ') r sin (6 - d) 



r sm (a - a ) r sin (o — o ) 



U 



10. To find the locus of the vertices of equilateral tri- 
angles which have one extremity of their bases in a fixed 
point, and the other in a given line. 

Let SJT t= a (fig. 25) be a perpendicular from the given 
point upon the given line; join SM, and let SPM be one 
of the equilateral triangles ; SP « r, Z JTSP = ; thea 

r = SM =s a sec XSM » a sec f d J , the equation required, 

which represents a straight line. 

11. To shew that the equation a^y^ ^ a(a^ + ff^) will 
become solvable with respect to y, if the axes of the co- 
ordinates be moved through half a right angle. 

In that case cosd s sind « —7=5 a°d 

/r = — 7= (ar' - y ), y=:— ^(^' + y); (Art. 40) 
therefore the proposed equation becomes 

which can evidently be solved with respect to y'; and it shews 
that the new axis of of' is an Axis of the curve. 

By the same transformation the equation Sawy ^ a^ + f^ 

becomes — p= (a? * — y *) =» « ' + 3a? y * ; 
\/2 

and the new axis of w is an Axis of the curves 
11 
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12. To express by polar co-ordinates the equation 

y* « 4a (a + a?) + tan- a(2a + wf. 
Adding a? to both sides we get 

a^^f^ (2a + ct)^ (1 + tan^o) ; 

••. r' cos^ o ■■ (2 a + r cos fl)*, 
or ±r cosa = 2a + rcosfl, 

13. The locus of the middle points of all chords of a 
circle that subtend a right angle at a fixed point in its plane, 
is another circle (fig. 91). 

Take O the fixed point for the origin and two lines OE9 
OF, at right angles to one another and cutting the circle> 
for the axes; and let its equation be 

(a?-a)« + (y-ft)«-c^; 

then 0£ = y = 6 ± v/c« - a% 

OF = a?' = a ± x/c" - bK 

Let G be the middle point of any chord EF, and /) the 
middle point of OC, C being the centre of the circle ; then 

2>G* = i (y' - 6)' + i (ar' - o)« = i (2c« - a« ^ 6») ; 

therefore the locus of G is a circle, whose centre is the middle 
point of 0C» 

14. Three given circles being traced upon a plane, to 
shew that any three angles, each of which contains two of 
the circles, will have their vertices in a straight line. 

Let Jf B, C, be the centres of the three circles (fig. 92), 
a, 6, e, their radii; and let lines touching the two circles 
about A and'j9 meet in F, and those touching the circles 
about B and C meet in D ; join FD and produce AC to 
meet it in E. Then is E the intersection of two lines 
touching the circles about A and C ; for 

AE AE BG FA BD a b a 
'CE'^^GCE^FB^CD^bc " c ' 
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15. To find the co-ordinates of the points of intersection 
of two circles which cut one another. 

Let their equations be ^ 

0?' + y* = c^, (w - ay +y^ = c^9 

so that the axis of w joins the centres ; then it may be easily 
proved that the co-ordinates of their points of interseption are 

a^ -\-c^ " c'^ 



w = 



2a 



1 

y = =*= — \/(a JfC-\'€!).{a-\-C''c).{a'irC - c) . (c + c' - a) ; 

from which all the common theorems in geometry, relative 
to the intersections and contacts of circles with one another^ 
may be deduced. 

16. In the sides AX « a, AF = ft, (fig. 14) of a given 
triangle APX^ take two points My JV, such that 



XM AN 



= n. 



MA NP ' 

and join MN\ then all the circles described about AMN, 
for different values of n, will have a common chord. 

It will be found that the equation to the circle referred 
to AX, APy as axes, putting z XAP = w, is 

(a^ + 2wycos o) + tr) (» + l) — ay — nbof *= ; 

and in order that this may be satisfied by values of w and y 
independent of w, we must have 

a^ + 2afy cos w + y® « ay = bof. 

These equations give real values of w and y, and con-« 
sequently determine a point in the circle whatever n be ; 
therefore all the circles have a common chord ; and its equa* 
tion is ay = ft<v. 

11— 2 
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17. If in a regular polygon of n sides, lines be drawn 
from the extremities of a side to those of any other side so 
as to cross each other, the locus of their intersection is a circle, 

whose radius = ia cosec — -• 

* n 

Let AB, BEy CD^ be three sides of the polygon ; pro- 
duce AB to F, and let AD^ BCy intersect in P ; then since 
arc AB = arc CD (fig. 93) y 

zPAB^CBE; and aEBF^—; 

n 

.•• z APB - — , and locus of P is a circle ; 

n 

and AB = a is a chord subtending an z — , at its centre ; 

••• its radius — i o cosec — . 

* n 



18. To find the locus of a point from which, if three 
perpendiculars be dropped on three given straight lines, the 
points of intersection shall always lie in a straight line. 

Let the three given straight lines intersect one another 
in the points A, By C (fig. 94), AC '^hyAB^ e, Z.BAC « co, 
Wy y, co-ordinates of P referred to AC, ABy as axes. PMy 
PN perpendiculars on the axes ; join MN cutting BC in Q, 
and join PQy then PQ is to be perpendicular to BC. The 
equations to BC and MN are respectively 

F= ---y + css - nX + c (1) suppose, 

„ y + 0? cos (o „ 

r « -^ + y + a? cos ft)? 

w -^y cos a> 

therefore the co-ordinates of their intersection Q are 

, {y-'C + ^cosfa)) (a? + y cosft>) 

A *= 7 r^ 7 — 7, r = - nJC -h c. 

(y + 0? cos (JO) - nyjv + y cos w) 
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The equation to PQ is F- y = -^ — - (X-ai) ; and as 

Jl — iff 

this is to be perpendicular to (l), 

. . 1 - n cos 01 + (cos fti — «) —5 — = (Art. 33). 

Therefore, substituting for Y and X! their values, and 
reducing, we get 

^ + y* + 2^y cos ft) = 6af + cy, 

the equation to the circle circumscribed about the triangle 
ABC. 

The converse of this admits of an easy geometrical proof* 
Drop the three perpendiculars PJIf, PJV, PQ,^ upon the three 
lines, and join JIf Q, QJV. Then L MPN = supplement of 
MAN = BPCy 

.\ BPM = CPiNT; consequently BQM = CQiST^ 

and therefore MQ and QiV are in the same straight line. 

19. To find the diameter of the circle represented by the 
equation 

07* + 2a?y cos ft) + y* = 6/r + cy. 

In order that this equation may represent a circle, the 
axes must be inclined at an angle ^ ft) ; also the origin is 
a point in the circumference ; and making /r » 0, we get 
y ss AB s c, (fig. 94) ; and if y » 0, /r « AC » b ; hence dia- 

_ . , BC \/c* + 6*-26c cosft) 

meter of circle = — — » ; . 

sm ft) sin ft) 

20. If two parallel planes revolve in their own planes 
in the same direction about fixed points Ay B, with equal 
velocities; the curve traced on the first by a pencil fixed 
perpendicularly in the second at a given point P, will be a 
circle. 

Let A be the origin (fig. 95) AB « c, SP « a, AP = r, 
ffAP m ; Aff being the position at any time of that fixed 
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line of the first plane ^hich coincided with JB9 at the instant 
that P was also in AB, Then since PB is parallel to AB^^ 

^^^ a^ + r^-c' 
- cos ss cos APB = ; 

2ar 

or r^ + 2ar cos + a* a= c', the equation to a circle. 

If the planes revolve in contrary directions, it may be 
similarly shewn that the locus of P has for its equation 

r* - 2or cos + a^ = -s (a* - ^T- 

21. To find the equation to the curve traced by a nail 
projecting out of a vertical wall on a circular bodrd that rolls 
on level ground at the foot of the wall with its plane vertical. 

Let N (fig. 96) be the nail, Aw^ Ay^ the co-ordinate axes 
fixed in the board, and suppose the axis of y at the commence- 
ment of the motion to be vertical and to pass through iV; the 
board is supposed to have rolled through an z ^^Qa^, where 
AQ, is horizontal ; wAN = 0, AN = r, NB = a, AQ = c; 
then AB » c^ « horizontal space passed over by the centre; 

.-. r^^a^^c'^tp^; but JL NAM ^ NAB -- ofAQ; 

therefore the required equation is 

9 « sm"^ -x/r* - a*. 

T c 

22. If r, /, be the radii of two circles in one plane and 
a the distance of their centres, to find the locus of the points 
from which the two circles appear equally large. 

Let a common tangent to the two circles intersect the line 
joining their centres at a distance d from the centre of the 
smaller circle whose radius is r, then d « ar -r- (/ - r). Let 
Wy y, be co-ordinates of any point of the locus, referred to the 
above point of intersection as origin, of being parallel and y 
perpendicular to the line joining the two centres ; then 

(^ - d)* + y* r* 
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.\ (/p» + j^)(/^-r«)-2af{r'«d-r2((i + a)} =0, 

or a?«+y2- 207.-7^—-^ = 0, 
the equation to a circle. 



23. Havijig given the lengths of two tangents to a para- 
bola at right angles to one another, to find its latus rectum. 

Let QP = 6, QP' = c, (fig. 31) 

then -^ = 1 + cos 0, -^ = 1 - cos0 ; 

PP" 

therefore by Arts. 83 and S6, a . — -- « 1, 

SQ"" . P'jP 46V 

or 4a as 4- 



l^i» (6» + c»)t* 

24. To find the locus of the intersection of two normals 
to a parabola at right angles to ohe another. 

If m be the tangent of the inclination of the normal to 
the axis of a^ its equation is (Art. 80) 

y + 2am « m(a? — aw*) ; 

and changing m into — 7- , the equation to a second normal 

perpendicular to it is 

2a 1 f a\ 

* 
Hence, adding and subtracting, we get 

.\ y* = a(a? - Sci)^ 
the equation to the required locus, which is an equal parabola. 
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25. To draw normals to a parabola through a given 
point. 

Let A, ky be the co-ordinates of the given point, Wy y 
those of a point in the curve through which one of the 
normals passes; then 

2a 

and eliminating ^, we get j^-4o(ft-2a)y-8a'Af«0, which 
compared with j^ + ?y + r « 0, gives 



— + — 
4 27 



'^^-\^-^,(^-^-)\^ 



4 
hence (Theory of Equations, Art. 90), when ft* = (A - So)', 

two normals may be drawn through (A, A;), for then y has 

only two real different values ; and according as ft^ > or 

4 
< (A - 2a)', y has only one, or three real distinct values; 

and one or three normals can be drawn through the given 
point. This is the same thing as saying that through a given 
point one, two, or three normals may be drawn according as 
the point lies without, upon, or within the evolute. 

26. To find the radius of the circle which passes through 
the intersections of the tangents at the extremities of three 
given focal distances of a parabola. 

The diameter of the circle (since it is described about the 

MS SM.SL 



triangle MLS) = -r 



sin MLS SD 



y/SP.SP'.x/SP.SQ / SP.SQ.SP" 

y/SP.SA " SA 

(% 77). 

27. If one side of a triangle and two others produced be 
tangents to a parabola, and the points of contact be joined, a 



169 

triangle will be formed whose area is double of that of the 
exterior triangle. 

Segment PQR = f APTiZ (fig. 97) (Art. 103), 

or APQfi + f (APf^^Q + AQFi?) = ^aPTR ; 

.-. APQi?-f(ATJ7r+APQiZ), 

or /iiPQR^2ATUV. 

28. If in any segment of a parabola a polygon be in- 
scribed having the same base as the segment, the sum of the 
cube roots of the areas of all the partial segments standing 
upon the sides of the polygon, is equal to the cube root of the 
area of the whole segment. 

I-et y, y\ /, be the ordinates of three points P, Q, if, 
(fig. 98) ; take 8 the middle point of the chord PQ, and draw 
man parallel, and Qn^ Mm^ Ns perpendicular to the axis J a?; 

then sN « |(y + y% .-. AM « ^^-^^; 

l6a 



.« • -/2 



^nd AN ^^Otr, 

8a 

loa 
also Q« = ^(y'-y), 

(v - t/V 
.'. segment PQ = f m« . Qn « ^ — ^ ; 

similarly, 

segment Qi? = }^-—LL segment Pi2 - ^ ^ ; 

.-. v^seg. PQ + v^seg. QR » y^seg. PR. 

29. Two tangents a, J, to a parabola intersect at an 
angle « q>, and a circle is described between the tangents and 
the curve ; to find its diameter. 
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The equations to the parabdia, and circle, referred to the 
tangents as axes, are 

\/ - + 'V 7 "= 1> .r + y - 2 \/a}y sin iw = r cot iw ; 
therefore for the points of intersection of the curves, 

^ + 6(l - V -1 -zAn^w\/wb{l - V -] = rcot^«; 

and in order that the circle may touch the parabola, the two 
valued of X must be equal in this equation, 

.'. (a -H 6 + 2 y/ab sin^cti) (ft — r coi^w) a 

«= aft (6 + 2 voft sin ^ ct> + a sin* -J w), 

, . , , ah sin w 
which gives 2r = ^ . 

a + ft + 2 V oftsin^ctf 

SO. If one side of a triangle and the other two pro- 
duced be tangents to a parabola, and each of the angles of 
the triangle be joined with the point in which the parabola 
touches the opposite side ; the three straight lines thus drawn 
will intersect one another in a point the locus of which, for 
different parabolas, is an ellipse circumscribing the triangle. 

ABC the given triangle (fig. QQ)^ EPS a parabola touch- 
ing the base in P and the two sides produced in R, S; 
AR = r, AS = «, and a, ft, c the sides of the triangle. Then 
taking AR^ AS as axes, the equations to the parabola and to 
its tangent at P (A, k)^ are 

r 8 \/rh \^8h 

. — ft c 

••• P = Vsk, ft = \/rh ; and - + - « 1 (l). 

Now the equations to BR^ CS, are respectively 

J? y y ^ , ^ 

r c 8 h ^ 
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therefore for their point of intersection we get 

y 0? y w 

S T c h'* 



y b c y i?r k 

or — • =5 — ; .*. — « — - «= *r , 
00 cr 80 w Ira h 



w \c sj or 

which shews that the line joining A and O passes through P. 
Also eliminating r and s between (l) and (2), 

(h c\ 
since wy I - + - I — ^y^ 

get hy M - -j + cw f l - - j = .ry, 



we 



the equation to the locus of O, which represents an ellipse 
^as^Dg through the points A^ B^ C* 

31. To describe a parabola which shall touch three 
straight lines, one of them in a ^ven point. 

Let R be the given point in AC (fig. 99), and AB^ BC, 
the two other given lines touched by the parabola in the 
points S and P. 

Then using the notation of the preceding problem, we 
shall obtain the equation to the parabola referred to PB and 
Pa? which is parallel to AR, as axes, by putting 

, b , V* c , (? 

w^iv "-y +-, y = -y+-; 
a r as 

therefore the equation is, suppressing the accents, 

as s^ \ \r ar W / ' 

r r 
Hence, proceeding as in Ex. 5, Art. 234, if PV be the 

diameter whose equation is y = ~ a?, and Z BPV ^ a, the latus 

T 

rectum 



or, reducing, y == - a? ± — \/(r - 6) w. 



172 

4a' sin' a 4a*r (r - 6) sin* C 

= -;j-(^- ) sin C " (r« - 2or cosC + a«)* ^^^' 

. • ^ yi (^ - 6)(« - c) 

or Z « 4sin* J, VDcr^-T-; ttt. 

(rb + sc-a*)^ 

32. To describe a parabola touching three given straight 
lines so that its latus rectum may be the greatest possible. 

Since the latus rectum vanishes when r » 6, and also when 
8 B e, it must admit of a maximum as the point P moves 
from C to B (for the focus describes a circle passing through 
A^ Bj C), and the corresponding value of r is given by the 
equation 

r^ + r* (a cos C - 26) + ar (6 cos C - 2a) + 6a' » ; 

which will have three real roots, as each side will be touched 
by a parabola whose latus rectum is a maximum. 

Hence if the magnitude of the latus rectum be given, each 
side will be touched by two parabolas, having latera recta 
of that magnitude ; and we see that equation (l) for finding 
r would be of the sixth degree. 

If we suppose the two lines JB^ BC to become co- 
incident, then S and P coincide with B, and the parabola 
touches BC in a given point for which BC^a, 

4ia^T^ sin* C 



and latus rectum 



(r* - 2ar cos C + a'*)* * 



35. The directrix of every parabola that touches three 
given straight lines passes through the intersection of the per- 
pendiculars dropped from the intersection of every two lines 
upon the remaining one (fig. 94). 

P a point in the circumference of a circle circumscribing 
triangle ABCy and therefore the focus of a parabola touching 
the sides AB^ AC^ BC; w^ y^ its co-ordinates referred to AC^ 
AB as axes ; PM, PN perpendicular to AB, AC ; then the 
equation to MN^ which is a tangent at vertex of parabola^ 
is 
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YssfnX + c, when m =» — ^^ ; 

w + y cos a 

•*. equation to a line through P parallel to MN is F - y a 
m (X — a?). 

Let itN' be the directrix, and therefore parallel to MN 
and at the same distance from it as P is ; 

.*. AN* = 2(^ + ycosa)-^ + — = a7 + [2cosa + — |y, 

m \ ml 

AM* = 2 (y + a? cos a) - y + «i^ « y + (2cos a + m) a?, 
or, substituting for m its value, 

AK* (^ + y* + 2/py cos a) cos a 

y + w cos a 

^ (/p* + y* + 2cvy cos a) cos a ^ 

J7 + y cos a 

.•. JT (y + a? cos a) -hYijv + y cos a) 

's (bw + cy) cos a is the equation to N'M^^ 

(•.•the equation to the circle is ^ + y' + 2«»ycosa = 6^ + cy) 

which equation is satisfied, whatever be w and y, by 

X -{- Fcosa « ccosa, 
JIT cos a + y = 6 cos a ; 

.'. X sin^ o = cos a (c - 6 cos a)l i.. , , ^ . , • 

,^ . . ^_ ' > which determine the mtersec-* 

Y sin* a e cos a{fi — c cos a) J 

tion of the perpendiculars* 

34. If the vertex and nearer focus of an ellipse be fixed, 
whilst the centre assumes all positions in the indefinite line 
passing through them, the curve will successively become a 
parabola, circle, limited straight line, hyperbola, unlimited 
straight line, hyperbola; and parabola. 
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Calling AS — Pi SC = c, and taking the vertex for origin, 
the equation is 



y* = ~ ^pof - — — ; 

p + c \ p + 0] 



and it assumes the following forms for different values of c ; 
c =s 00 , y^ ^ 4ipw the limiting parabola, 
c 8 0, a circle. 

When c is negative, the equation is 

ffi - ^! ( 2pa7 — ^^- — 1 ; and for 

p-c \ p-cj 

c < ^p, the curve is an ellipse, 

c = ^p^ a straight line coincident with axis of ^, being the 
limit of the ellipse, 

c>^p<P9 a hyperbola cutting the limiting parabola, 

c » J), an unlimited line touching that parabola at its vertex, 

op, a. hyperbola exterior to the limiting parabpla ; and for 

c = 00 , the curve is again the limiting parabola. 

35. To find the locus of one end of a given straight line^ 
whose other end, and a given point in it, move in straight 
lines at right angled to one another. 

AP the given line == a, B the ^iven point in it, 
PB - 6, CAT « 0?, NP^y, / PBN = ; (fig. 101) then 
w vs a cos 0^ y ssb sin d, 

.'. — + -- as 1, the equation to an ellipse. 
or 0^ 

If the rectangle CO be completed, and PO joined, PO is 
a normal to the ellipse at P ; for 

GNGN BN h b V 
CN^BN'CN^aa^a^^ 
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Hence if a line, whose length is the semi-major axis of 
an ellipse, have one end in the curve, and the other in the 
minor axis ; then (l) the part cut off by the majcM: axis will 
always equal the semi-a^is pinor, apd (2) the locus of th^ 
intersection of the perpendicular to the minor axis through 
one end, with the normal through the other, will be a circle. 

4 

36. Two given circles touch each other internally; to 
shew that the locus of the centre of the circle which touches 
each of them, is an ellipse having their centred for it$ foci. 

S and H the centres of the circles, P the centre of a circle 
touching both ; join SP passing through the point of contact 
B^ and HP passing through the point of contact J (fig. 102); 

then SP + HP^SB + BP + (HA'-AP)^SB+HA, 

which is constant ; therefore the locus of P is an ellipse. 

37. If a, /3, 7 be the angles which the transverse axis, 
and the focal and central distances of any point of a curve of 
the second order, make with the tangent at that point, 

tan a . tan y » tan^ )3. 

Let SPYrnfi, CPY^y, STP^a, (fig. 41) 

SG cos /3 



then e = 



SP cos a ' 



^ NG ■ ^ , cos^jS 

and — — = tan a . tan (v - o) = 1 - e^ = 1 r- ; • 

CN ' cos* a 

therefore, reducing, we get tan a tan y = tan^ /3. 

38. The products of the alternate segments of the sides 
of a polygon described about an ellipse are equal. 

Let Pj g, r, 8 be the lengths of the semi-diameters re- 
spectively parallel to the four tangents at P, Q, 2?, *?, (fig. 103) 
the proof being the same whatever the number of sides ; 

,, O^P p 0,R T 0,S 8 OA q , . , ,_ 
then -— — = - , —-— = - , -— -, = - , — -— = - , (Art. 155); 
OA q O^P p O^R t' O^S s' ^ ^' 

.-. OiP . O2R . OsS . O4Q = 0,Q . OiP . O^R . O^S. 
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In the case of a triangle ABC whose sides touch the ellipse 
in the points a, /3, 79 we should get A fi . Ca ,By^Ay.Ba. C/Jy 
which shews that the three lines joining the points of contact 
with the opposite angles, intersect in a point. 

39' If d be the acute angle between the tangent and 
focal distance at any point of an ellipse, the distance of that 

point from the centre is \/a* — 6*cot*0 (fig. 42). 

For r««o«-yf-^-l^ =a« - 6» (^ - l)«a«-6«cot*0. 

40. To find the locus of the intersection of the normal to 
an ellipse and the perpendicular upon it from the centre. The 
equation to the normal at any point is 

(y - ma?)\/a* + m^ b* + (a* - 6') m =» 0, 
and the equation to a perpendicular upon it from the centre is 

V = a^j which snves «i = ; 

«* y 

therefore, substituting, the equation to the required locus is 



41. A given triangle has always two of its angular points 
in two given straight lines ; to find the locus of the remaining 
angular point. 

Take the given lines for the axes, and let 

/.AOB^w, CM=^w, CN^y; z.OAB^^, (fig. 104); 

.% y sin (v = 6 sin {A + 0), 
cvsinctf = a sin {B-^ tt — — cw)*— a sin(J + + C + o)), 

.'. fiivsincos -o cos (C + a;)*9sin(o-a&cos(^ + 0) sin(C+ai), 
••. &xi^w\baf + acos(C+<tf)y}*« a^sin^(C + tt>) (6* — y^sin^w), 
the equation to an ellipse of which O is the centre. 

42. To find the locus of the middle point of a chord of 
constant length in an ellipse. 
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Let QF-c, Cr=r, ACr=>9, (fig. 45); then 



QF' cr 



+ ^r^ -1. 



But, CP* 



CD* CP* 



1 — e* co8*0 * 



1 - e'cos*^ 
c^(l^e^cos^d) r« (1 - e« COS* 0) 

the polar equation to the required locus. 

45. Two given circles are traced upon a plane and a line 
is drawn touching one and cutting the other in two points at 
which tangents are applied to the latter circle; to find the locus 
of the intersection of the tangents. 

OP^r, LFOa ;= Qy Oa = c, OQl^a^ O'Qt = cl (fig. Q^)^ 
then c cos - o « ON « -;r^ =» — ; 

OP T 

c? 
ccos0-a 

the equation to a conic section of which O is a focus, 

44.. Having given the hase and altitude of a triangle, to 
find the locus of the centre of the inscribed circle. 

iSC^Cif^c^half given base (fig. 41), PN^a the 
given altitude, O the centre of the inscribed circle, CM « ^, 
MO « y its co-ordinates, CN = x ; then 

c, ^ . S y ^, « H y 

tan#y« -^,tan-e— ^ — , tanii = ?^ tan — 



o ^yip + ai) a ^yic — of) 

*' c + «' (c + ar)*-^'' c— a?' {c^ofy^y^* 
12 
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therefore inverting and adding in order to eliminate «', we get 
the required equation, which is of the third degree, 

2 _ 1 y 

a y c '- w* 

45. Having given the base of a triangle, and the sum of 
the other two sides, to find the locus of the centre of the 
inscribed circle. 

SH the given base « 2a^, SP + PH = 2a, and SO = r, 
HSO « 0, (fig. 41), polar co-ordinates of the describing point O ; 
then area of triangle « ^ perimeter x radius of inscribed circle 

= a (l + c) r sin 0, 

• . , «T* . /. o^c (1 - c*) sin 2d 

also area of triangle = SP sin 20 . ae « — ; 

^ 1 - e cos 20 

2ae(l — e)cos0 
^•^ y 0. 

1 — ecos20 
the equation to a conic section of which SH is the major axis^ 

46. Two focal distances of a conic section include a con- 
stant angle /3, and one of them is produced to meet the tangent 
at the extremity of the other, to find the locus of the point of 
intersection. 

ST = r, AAST^e, PSQ^fi; (fig. SO), then 

JSP « i3 + 0, and .-. r = ^ ^ (Art. 127), 

cos p + c cos 

the equation to a conic section with focus S ; and which is an 
ellipse, hyperbola, or parabola, according as cos (i >, <, or s e. 

If we draw another focal distance SP^ inclined at angle fi 
to SQ9 then the tangent at P' will pass through T (Art. 128) ; 
therefore the preceding is also the solution of the problem to 
find the locus of the intersection of tangents to an ellipse at 
the extremities of two focal distances that include a constant 
angle 2/3. 
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Also^ if TP be produced to T so that Z.PST' = PST^ 

then T' is a point in the locus of T; from whence it follows 
that the chords of a conic section whose eccentricity = 6, that 
subtend an angle 2/3 at the focus, will be tangents to an- 
other conic section having the same focus whose eccentricity 
= e cos /3. 

47. In an ellipse, if two focal distances r, r', include an 
angle = 2)3, and T be the intersection of tangents at their 
extremities, then 

^yf2 ^ 

6» - rr' sin^ /3 * 

..^ , « (1 - e^) ^ fl'' (1 - ^) >>, 

We have — ^ « 1 + e cos d, — ^ — j — - =■ 1 + 6 cos , 

r r 

and — -- =cos)8 + ecos^^r=cosl(0'-0)+ecos^(0+0'); 

between which equations if we eliminate and d\ we shall 
obtain the above result ; which in the case of the parabola 
becomes ST^ = rr agreeably to Art. 83. • 

48. To find the equation to the curve traced out by a 
point in the perimeter of a circle which rolls upon another 
equal circle. 

Let A' be the describing point, at first in contact with A^ 
and AA' the curve traced out, (fig. 70) ; C> C the centres of 
the circles ; join AA\ CC^ and let 

AA'^r, AAE^Q, AC^a. 

AA' is manifestly parallel to CC, draw DA! parallel to 
AC 9 and therefore « AC ; 

then AA' ^CD^ CC - DC\ 

or r = 2a — 2acos0, the polar equation. 
Or if AR « w, RA' « y, be the rectangular co-ordinates of A\ 

^af" + y' = 2a { 1 7=^=) ; 

••. aP + y^ = 2 a(\/«r* + y- - 4?). 

12 — ^2 
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49. To find the equation to tlie curve described by a 
point in the perimeter of a circle which rolls within another 
circle of four times its radius. 

P the describing point, at first in contact with A (fig. 70), 
and AP the curve traced out ; 

CN^w, PN^y, CA'^4>a, QO^a^ 

being the centre of the rolling circle, 

ACD = 6 ; therefore QOP « 40, and consequently, OM bein^ 
perpendicular to ACy 

APOM^ir-^ ^^-0^-4© = '^ -30; 

**. w ■= CM + Pn B 3a cos + a cos S9 « 4a(cos B)\ 
y s OM - On B 3a sin - a sin 30 « 4a(siii 0)' ; 

Ua/ \4a/ 



1. 



^ Suppose CA B 2 a, the radius of the rolling circle equal a, 
and the point P to be not in the circumference of the rolling 
circle, but at a distance c from its centre ; then 

JL POM^ ^ir - 0, .*. J? « (a + c) cos 0, y « (a - c) sin 0; 



• • ^ A T . ^ ** *> 



(a + c)* (a - cy 

the equation to an ellipse ; except a ^ c when the equation is 
y^Oy and the locus is the a&is of a. 

50. If a triangle be inscribed in a Conic Section, and 
each side be produced to meet the tangent at the opposite 
angle, the three points of intersection will lie in a straight line. 

^ If we take C for the origin, and AC ■■ 6, BC = a, for 
axes, the equation to the conic section must be of the form 
.ip* + my* + nwy — ax — mhy = 0. 

The equation to the tangent at A is 

w6 — a . . mh^ 



y - 5 e -_ ^ ; and when y « 0, a? 



nh -- a 
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which determines one of the points. The equation^ to' the 
tangent at J9 is j^ s (a? — a), and when a? = 6, 



o« 



na — mb 



which determine a second points The equation 



to the tangent at C is y — — r-, and equation to AB is 

tnb 



mab 



3 



- + ^= 1, and for their intersection of- , 

a 6 mb — a^ 

y - _ _j!L_, the coordinates of the third point. Now the 

equation to the line joining the first and second point is 

na ^ mb nb — a 



a mb" 

and this is evidently satisfied by the co-ordinates of the third 
point. 

51. An ellipse being referred to conjugate diameters, if 
with the co-ordinates of atiy point as conjugate semi-diameters 
a second ellipse be described, it will be touched by the chord 
of the former that joins the extremities of the diameters. 

The equation to the interior ellipse will be 

^ y* hr J^ 

^ + ^-l,withcondition- + - = l; 

and for the intersection of this ellipse with the chord 

- + --l,wehave-+-(^l--) = 1, or (a^ - A)" = 0, 

Tvhich shews that the chord is a tangent at a point for which 
A* 

*r ^ — • 

a 

52,. The chords joining the extremities of conjugate dia- 
meters of an ellipse will all touch in their middle points, a 
similarly situated ellipse with axes a v/2> b \/2« 
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The equation to the inner ellipse and to the chord, re- 
ferred to a pair of conjugate diameters of the outer ellipse as 
axes, will be respectively. 






therefore for their intersection we have, 

which shews that the chord is a tangent in its middle point. 

53. To find the locus of the intersection of two tangents 
to an ellipse applied at the extremities of a chord which always 
touches a concentric and similarly situated ellipse. 

Let a, by be the semi-axes of the exterior ellipse, a', h\ 
those of the interior ; and (A, k) the point through which two 
tangents to the former pass ; then the equation to the chord 
joining the points of contact is 

htV ky 

J. __f B« 1 

a' V ' 

, 3D X y y 

which must be identical with — p- + -rrr « It 

a* b^ 

the equation to a line touching the interior ellipse at a point 
{cBy y) ; therefore 

h af\ k y 

hence since [->] + ( — } « 1, the equation to the required 
"T ) ■*" (u ) ™ ^' representing a similarly situated 

ellipse with semi-axes — , 77 . 

a b 

54. An ellipse whose centre C is given touches a fixed 
straight line PQFin a given point P; to find the locus of 
either focus S. 
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Let PQ = A, CQ-rft (fig. 105) be the co-ordinates of 
C which are known, and PY = ^p, SY «= y those of S ; then 
since CY is parallel to PJff, z CFQ = ^JPF, 



• ^_ 



k y k h 

^ or - + - - 1, 



w " h X y X 
the equation to a hyperbola. 

^5. If an ellipse and hyperbola have the same foci, the 
locus of the intersection of tangents to them, at right angles 
to one another, is a circle. 

The equation to a line touching the ellipse is 



-v/i* . ^8^« 



y - mm k \/ 6' + mroTy 



and changing m into , and a-, 6^, into a", - 5'S the 

m 

equation to a line touching the hyperbola, and at right angles 

to the above, is 

my + ^ s= \/-m-6'* + a^ ; 

where, since the curves have the same foci and centre, 

SC « o^ - 6« = a'« + V\ 
Adding the squares of these two equations, 
(«* + »') (1 + m«) «^ fe« + a'' + f»H«' - 6") = (fe' + «") (1 + wt«), 

or a?^ + y® « 6' + o'*, 

the equation to a circle passing through the four points of 
intersection of the curves. 

^Q. To find the locus of the centres of the ellipses in* 
scribed in a given quadrilateral. 

Take lines through one of the angles of the quadrilateral 
parallel to two sides for the axes of the co-ordinates; and let 
^ cs A, y ^h<i y ^ mx^ y = nx, be the equations to the four 
sides ; then the conditions for these lines, respectively, being 
tangents to the ellipse, supposing its equation to be 

ay^ + bxy + cx^ + dy + ^^J? + 1 « 0, 
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(found by making the two points coincide in which each cuts 
the elb'pse) are 

4a (cA» + eA + 1) = (6A + d)\ 

4c {a¥ + dA? + 1) = (bk + «)% 
4 (aw^ + hm + c) = {dw + e)% 
4 (aw- + in + c) B {dn + c)*. 

Sut if w, y\ be the co-ordinates of the centre of the 
ellipse, the two former become (Art. 223} 

(4ac - b^) (A* - 2Aa?') + 4a - d* = 0, 
(4ac - 6*) (P - 2&y) + 4c - €- « ; 

and eliminating b between the two latter, we get 

(4a — cP) mn ^ 4ic — e^^ 

the required equation ; which represents the line joining the 
middle points of the diagonals of the quadrilateral. 

That the locus of the centres would pass through the 
middle points of the three diagonals might have been fore- 
seen ; because each of the diagonals may be regarded as the 
transverse axis of an evanescent ellipse touching the four 
sides of the quadrilateraL> 

If one of the angles become equal to two right angles^ 
the ellipses are inscribed in a triangle, touching its base in 
a given point ; and their centres lie in the line joining the 
middle point of the base, with the middle point of the line 
drawn from the vertical angle to the common point of contact 

^7* In a given triangle to inscribe an ellipse of givea 
area, and touching one of the sides in a given point. 

Let P be the given point in the side BC (fig. 106) and M 
the middle point of BC ; draw MS bisecting AP^ and AQ, 
cutting oil* QC » BP\ then the centres of all the ellipses that 
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•can be inscribed in the triangle and touch BC in P, lie In 
MS* Let O be the centre of one of these ellipses, and PD 
a diameter, then RT the tangent at D is parallel to BCj and 
J) faUs in JQ; for by Prob. 60 VRD.BP ^s/ DT.PC ^l 

J. " . ^,. 1^ ^ RD PC BQ 

diameter conjugate to OP, therefore -=r=^ =* ; con-» 

J ^ DT PB QC 

sequently the loci of D and O are as asserted. Let DQ m z^ 

JiQ^Jcy MC^a, BP^c; then 

DT k'-x ^^ e ,, 

« or DT « - (At - «). 

QC k k^ ^' 

^nd OP . sin OP^ « ^^Q • ^^^ J3QP « ^ « sin w, suppose, 

J^ow (area)' = ir' sin^ 0PM. PC .DT.OP^ 
_ ^-sin>a>(.ae-e-) ^^^^^^ 

Jf the area of the ellipse equals the area of a circle radius r^ 

then {^ac — c*) sin* cy»^ (A? — iif) « 4 ftr* 

is the equation for finding %. For the greatest inscribed ellipse 
^bat touches BC in P we must evidently have 

» « fife, or MO « SaJO, 

Then r* = — A?' sin* w (2atf - c*), 

'which is a maximum by the variation of c when c = o, or P 
coincides with M. Hence the greatest of all the inscribed 
ellipses touches each side in its middle point, and has its centre 
coincident with the centre of gravity of the triangle. 

58. In the equation ay^ + bwy + ca^ ^ dy '\- eof •¥ 1. = 0^ 
suppose b to assume different values, all the other coefficients 
remaining unchanged; then (l) the conic sections which it 
represents are in general all described about the same < quad- 
rilateral ^ (2) the locus of their centres is another conic section, 
whose equation is 9,ay^ + dy ^ Qcai^ + eof; and (3) the centre 
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of this last conic section is in the middle point of the line 
joining the bisections of the diagonals of the quadrilateral* 

It is evident that the four points in which the curve cuts 
the co-ordinate axes are independent of 6. If A, k, be the 
co-ordinates of its centre, then 

9ak + &A + d » 0, 8cA 4- 6Ap + e » 0, 

between which eliminating by we find the locus of the centre to 
be the conic section, whose equation is 

2ak^ + kd^ 2ch* + be. 

If h' and k' be the co-ordinates of the centre of this curve, 

e , d 

A' = - — « 1 (a?i + a?2), i = - — = 4- (yj + yjj), (Art. 240) 
4c 4a 

which are the co-ordinates of the middle point of the line 
joining the bisections of the diagonals. It may be shewn that 
the curve passes through the intersection of the diagonals, and 
also through the points of intersection of each pair of opposite 
sides. 

59. To find the locus of the point which is the inter- 
section of three normals to an ellipse. 

The equation to the normal at a point (^', y) of an 
ellipse is 



or ya?' v/l — e* = (a? - ^w') y/c? — a?'** 

Let A, k be co-ordinates of a given point through which 
the normal passes, then 

A^.i?'^(l-.e«) = (A-e*a?')^(a2-.a?'«). (l) 

is the equation for determining ^', the abscissa of the point 
in the ellipse; and as this equation is of the form 

e^oo^ - &c. - c?h^ - 0, 
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it has two or four possible roots; and consequently through 
the point (A, k) in general either four or two normals can 
be drawn. If two of the possible roots become equal (which 
can only happen in the case of four real roots), then three 
normals will pass through the point (A, k) ; in that case 
the derived equation 

has one of them. Dividing this by (l), we find 

-?= -T —, --^ 7^5 or Aa««e*a?^ 

w h — e^x' ar—of^ 

.*. w Bs I — ^j satisfies equation (l), and substituting we get 

for the equation of condition that (l) may have equal roots, 
and as often as h and k satisfy this equation, three normals to 
the ellipse will pass through the point (h, k). The above is 
consequently the equation to the locus of the intersection of 
three normals to an ellipse ; and coincides, as might have been 
foreseen, with the equation to the evolute. 

60. If the tangents at the extremities of any diameter of 
an ellipse DD\ be intersected by the tangent at any other 
point, in T, T'; then DT.B'T = CP*. 

The equation to the tangent at Q (fig. 47) is 



/ 



wao yy 



4- ^^-^^ = 1 : 



and making y = 6' and — h\ successively, we get 

a^ h a* 

.\DT.D'r.^mi^^. or DT.irr^a'^^CP'. 

a* 6* 

61. The greatest ellipse that can be inscribed in a quad- 
rilateral that has two sides h^ kj parallel to one another^ will 
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tbuch those parallels in their middle points ; and its area ^ilt 

^\Trl\/hky I being the perpendicular distance of the pa« 
rallels from one another. 

Join the two points of contact of one of the inscribed 
ellipses with the parallel sides by the line DD\ (fig. 100) 
bisect it in C, and through C draw PP^ parallel to DT\ then 
C is the centre, and PP\ DD\ are conjugate diameters 
of one of the ellipses inscribed in the trapezium; and if 
CP^a, CD^hy DT^c, D'T^d, a^^cd^(h^c) 
X (fc - d) (Prob. 60) ; ••. Jcc^h (^ — d). Now (area)* of ellipse 
oc a* oc (fc — d) d oc ^fc* — (!& - d)' ; therefore, for maximum 
area, d ^ ^ky and e = -^A; and maximum area ^^ira.^l 

= 1^ TT / \/hk. 

I{ h ^ kf the trapezium becomes a parallelogram, and the 
greatest ellipse s ^ tt x area of parallelogram. 

62. In a given parallelogram to inscribe an ellipse of 
given eccentricity. 

Every ellipse must have its centre in the intersection of 
the diagonals ; and as in the preceding Problem, if Q be the 
middle point of the side RT, and CQ^l^ QT ^ ky QD » Zy 
PCQ = Oy PCD ^wy CP--^ o, CD « by then 

l^ sz F + 2lz cos -^ sts*y bsinw^ I sin 0. 
If therefore a and fi be the semi-axes of the ellipse 

aj3 = Zsin0V>fc^-^; 
...jsmflU + U_^_^ + 2/cos0. , 

the equation for determining «, since -« v^l -c* is ffiven. 
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Since the ratio of )3 to a is zero when the elUpse coincides 
^with either of the diagonals, it must admit of a maximum; 
and the corresponding value of z may be obtained from tbc^ 
equation 

(i* + /*) ar + 2/A:« cos 9 « 0, (l) 

which determines the ellipse that approaches nearest to a circle 
of all those that can be inscribed in a given parallelogram.. 

If the parallelogram be equilateral, and if PD^ CTj be 
joined, then CT bisects both the chord PD, and the angle T, 
and therefore bisects the chord perpendicularly; therefore CT 
is an Axis of the curve ; and if CY be a perpendicular from C 
on RT, since YCT = ^\ir - 0), 



CF«ifesin0 = «v/l -e*cos*^0, 

Mrhich gives a. I{ e ^ 0, QD evidently equals k cos 9 which 
agrees with (l) when I ^ k. 

63. To inscribe an ellipse in a semi-circle, which shall 
have a given major axis parallel to the diameter of the semi- 
circle. 

CN = ^, NP - y, the co-ordinates of P (fig. 107) ; then 
because the normal at P passes through the extremity of the 
minor axis, 

*' ; but (y + 5)* + ^« « SP« = r*. 



a* -6* 






or(y + 6r+^(6*-J^)-r*, .'. a* = r«(a«-6«)» 

or 6 = - v/r" - a\ 

T 

m 

Hence in order that the area may b e the g reatest possible, 
we must have aft a maximum, or a^y/r^ — a* a maximum ; , 

*■ ■ • • • 

.\ a^r \j - , and greatest area = 7=^. 

^ S Sy/S 
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64. To find the locus of the middle point of a straight Hoe 
that always has its extremities on the circumferences of two 
equal circles given in position. 

Af Dj (fig. 108), the centres of the circles, O the middle 
point between them the origin ; ON b Wj NP = y the co- 
ordinates of P the middle point of BC ; a?', y' ; ^"j y\ the 
co-ordinates of B and C ; BC^2Cy OJ^OD^ 6, JB = CD 
s a ; then 

(1) 2y = y+y', 

(2) 2a?«s» — 07", 

(3) 4c»_ (y' - J,")' + («' + «'7, 

(4) a°- = y'« + (^' - 6)% 

(5) o« = y"» + (a;" - 6)S 

between which five equations we have to eliminate a?', y, 
w'\ y" ; subtracting (4) and (5) and reducing by means of 
(l) and (2), we get 

(«) y(y -y") + ^(^' + ^")-26^- 

Again adding (4) and (5) and doubling 
2(y'' +y"') +2(^'* + ^'-) - 4b(w' + x") = 4(0* -i«), 
but (y' + yy+(af'-wy = 4(^ + y*) 
from (1) and (2) ; therefore, subtracting, and reducing by (S), 

(7) w +w'^l {V + c« - a V .T« + y»), 

also from (6) y' -y" - — - - (ar' + a,") 

y y 

.'. substituting in (S), and reducing, we get for the equa- 
tion required 
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65, To find the locus of the intersection of two normals 
to an ellipse at right angles to one another. 

Let m be the tangent of the angle which a normal to 
the ellipse makes with the major axis, then its equation 
is (Art. 125), 

(y - mai) ^ o? + wfh^ + («• - fc^) w» « 0, 

and changing m into — — , the equation to a normal per- 
pendicular to it, is 

{my + aa) s/vu^c^ + fe* - (a* - 6*) m « 0, 
and we have to eliminate m between these equations. 

We get by addition, 

c? + rt^l? (my + a/Y 
fn'd'-^b' ^ (y - maff ^^^ ' 

•'• 0?^ + /- "^ (my + ccf "" (a^ - bym' ' 

w -{• y^ \ m/ 

But from (l) we get 

a* - 6* a?* - y^ A^mwy 



a^ + 6« 0?^ 4- y^ (o?^ + yO (1 - »»*0 ' 

1 2ary (o« 4- V) 

m o*y* — 6*0?'* 

which \alue substituted in (2) after reduction gives the re- 
quired equation 

(a« + 6«) (a?=^ + y") " U*y^ - fcvj * 

66. To find the locus of a point from which if four 
normals be drawn to a curve of the second order, the sum of 
their squares shall be constant* 
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; Let y* ^na^^f? (l) be the equation to the curv^, and 
(a, 6) the point whose locus i» required ; the equation to 
^he normal through it is 

y nbx 

^ nx^ ' ^ (n-l)^ + a 

I nm 1 ^^^^^. 

\[n - l) ^ + aj 

or ^* + a?* + — 1^ -L — ^— '- — a;* + &c. « ©• 



w-1 w(«-l) 



or 



Similarly, ^ 

y* -y» + jr pf2 Sr + &c. - 0. 

/-2o\ 4o» 

4a* = 4a*, 
4n* 6» 2 {n (a ' + n6') - (n - l)*c"} 

2(-26y)--26(^--^— -. 

♦ft» - 46*, 
.-. 2{(a;-a)* + (y-i)»^ 
f 4 2 4 . 2» 1 

"« \^Z1)5 ~ (JToy + ^^n "^ • " (n - l)*j 

jjf 4ra* 2»* 4« 2n 1 

+ ^* {(iTTlp - (^ny^ " « - 1 "^ "(w-lrf 

+ c* (- + 2 J = 422* a constant ; 
o«.t2n-l) + 6*.(»-2) -(n-l)|2JP-c» ^1 +^U, 
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67. If an ellipse be inscribed in a quadrilateral, the lines 
joining the extremities of either diagonal with the points of 
contact will intersect in the other diagonal. 

In fig. 109, because the sides of the triangle KAC are cut 
by a straight line in the points N, /, Jf, 

KN NC JI 



but 



iTJf" CI AM" 
KM CR MD 



KN DR CN 
because the ellipse is inscribed in the triangle KCD^ 

\\ CR.MD.JI^BR.JM.IC, 

■which proves that if CM and AR be joined they will intersect 
id DL Also, because the quadrilateral is circumscribed about 
the ellipse, 

AIDR.AM AL.BN 

IC" CR.DM" BL.NC' 

or BL.NC.AI^AL.BN.IC, 

which proves that AN^ CLy BDj intersect in a point. 

68. If an ellipse be inscribed in a quadrilateral, the line 
joining its points of contact with two opposite sides passes 
through the intersection of the diagonals. 

Let K the point in which the opposite sides BC^ AD in- 
tersect, be taken for the origin (fig. 109). KA = a, KB = 6, 
KC^c, KD^ d; and KN^ky KM=^h, M and N being 
the points of contact in AD9 BC ; then the equations to BDy 
AC 9 and NM are, respectively, 

- + | = 1, - + - = 1, r + | = i; 
ah a c a k 

and therefore the condition for their passing through a point is 



1 \_ 1 1_2_ ^ 

ak hh ab 4k ch cd 



13 
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Now the equation to the ellipse is (Art 2S8), 

and for its intersection with the line CD whose equation is 

— + - = 1, we have 
a c 

which must be a perfect square since CD is a tangent, 
m 



• • 



ik"^ cd ^ h J ab\kh y ' 



— h 

2 hk cd 



X t/ 

(since - + | = 1 is also a tangent), which is the condition (l), 
a 



69. To find the area of an ellipse inscribed in a given 
quadrilateral, and touching one of the sides in a given point. 

As in the preceding Problem, taking two of the sides of 
the quadrilateral for the co-ordinate axes, the equation to the 
ellipse will be 

f^-l] +(|-0 +2/^y=:l, {lhkY<l', 

where Z = — - (~+ 1) , 

ah\h k ) hk^ 



or hkl = 1 



-e-)(r-)' 



.-. y = Ar(l - A?Za?) ± A;|2 - a? ( /A: + ^ I*. H i - lk\ x\ . 

Hence when the ordinate becomes a tangent at N*, we 
have 






hkl+ 1* 
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Therefore when ^ = -I KT^ the radical in the value of y 

, (1 '-hkl\^ ^^ , 

assumes its greatest value « k — — : = OQ, the semi- 

® \1 + hkl) 

diameter conjugate to JVAT'; 

/. area of eUipse ^ irhk sinw , , , _ 

^ (1 + AA;/)I 



(-r('-i) 



^Trab sinco 

'^ 'ah 



(in-^) 



Now let -— = w, -— = wi, -— r = X, L being the given 
/C /Z> ^JL 

point where the ellipse is to touch AB^ 

then, since BL.MJ.DI^JL. MD . B/, 

-4J[f m _ AM m 

= — , and 



But 



MD % AD m + z 

KA ABAC BI AC m(n + l) 
KD^ aBDC^IbdIc" m + 1 ' 



KA m(n + l) _ AM 1 - wn 

AD 1 - mn ' KA {n + 1) (w + 58?) ' 

_ AM a 1 — W2W 

and — ._ - or 1 - - = 



KM h l4:Wl + ^(l + w)' 

_ 6 (l — mn) z 

consequently i - -• = -^ r- ; 

^ "^ k l+w + »(l + w) 

.-. area = ^irah sm w (1 - mn)\^ -r — -r r. • 

^ JlT^ (W + 1) + (WJ + 1) WiJf}* 

70, In a given quadrilateral to inscribe an ellipse whose 
area shall be the greatest possible. 

The expression for the area in the preceding Problem 
vanishes when %^0, and when jir = co ; and also when 

13—2 
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(1 + n) « 4rl + «i sa 0, which gives AM «* - AK ; corresponding 
to which values of sis the ellipse becomes coincident with the 
diagonals BD^ AC; and with the line joining JT, and the 
point in which ABy CD intersect. The area of the ellipse 
will consequently be a maximum for some value of z between 
zero and infinity given by the equation 

fm + 1 m n + l\ m 

sr + 2% I . = 0. 

\« + 1 n m + 1/ n 

The ratio v of CR to RD must be the same function of 
- and — that jir is of m and n, and is therefore given by the 

equation d* + 2« ( — . 1 a ; which, shews 

\n m + 1 n+ Ij n 

that the negative value of z taken positively is the value of 

the ratio of CR to RD. 

71* In a given quadrilateral to inscribe an ellipse whose 
axes shall have a given ratio. 

By Prob. 69, since the equation to the diameter NN' is 
A? — 2^ B K^lafy we have 

and OQ* = A».^"**^ 



.-. a" + /3» = 



(lud a/3 = hk sin m 



l + hkl' 

h* + Ic>-ih''k*lcosa, 
(1 + hkty 

(1 - hkl)i 



(1 + hkiyi ' 



a and (3 denoting the semi-axes of the ellipse; also let o 
denote their ratio, 

.-. sinft»f« + ij hk {l - (hkl)''\i= h" ■¥ li^ - ih*kH coswi 

but AH = 1 ^ Ml-mny^ 

(fn + 1) (n + 1) (i» + z) (1 + nz) 
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h 'l - mn . k (1 - mn) % 

since 1 = r-; r and r - 1 = - — ^^ -^ ; 

a (n + l)(w + iy) h .(m + l)(l+w«) 

h a m + 1 I '\- nx 
also 7 = 7-. -. ; 

and upon substituting these values there arises an equation of 
the fourth degree for determining %. 

72* To find the locus of the middle points of a system 
of parallel straight lines, each of which joins two points in^two 
given curves. 

Let /(^, y) = 0, (p (a?, y) = 0, y = m<r + c, be the equa- 
tions to the two curves^ and to one of the - chords; transfer 
the origin to {x\ y) the middle point of the chord ; then the 
equations to the curves become 

f(w + <r, y + y) = 0, <p {x + ^, y + y) = 0, 

and the equation to the chord y = mw ; and if in the former 
we substitute mx for y, the resulting equations will give values 
for Wy being the abscissas of the points of intersection of the 
chord and the curves ; and if + ^ satisfy one of the equations, 
the other must be satisfied by — «r ; therefore the equation to 
the locus of the middle points of the chords will result from 
eliminating a? between 

f(a/ + J7, y + man) = and (p {w — a?,' y — mai) = 0. 

Suppose the curves to be a hyperbola and its conjugate ; 
the result of the elimination will be found to be 

If the asymptotes be taken for axes, the result will be 

a/yf {mx' + y')' + mc* = 0. 

73. To find the locus of the vertex, of a triangle, upon a 
given base, and having its vertical angle bisected by a line 
parallel to a given line. 

Take the given line for the axis of y, the middle point 
of the base (2a) for the origin, and let the angle between them 
a a; then ^ilf « ^ cosec a, iliV s a cos a ; (fig. 110); 
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therefore 


a-h a cosec a 
a — /v cosec a 


BM 
MC 


BP 
PC 


PR 

PS 


y — a cosa 
y + a cos a 




• 
■ • 


wy = \a* 


. aaZa 


• 





74. To find the locus of the intersection of the tangent 
to a given curve, and the perpendicular let fall upon it 
from a given point. 

Let y —y z=z tan a (a? - a?') be the equation to the tangent 
to a curve at a point {w\ y') ; then tan a ^f{ai\ y) is known 
from the nature of the curve ; and the equation to a perpen- 
dicular to the tangent from a point (A, A;) is (y — k) tan a + a? 
— A s ; between wliich three equations, and the equation to 
the curve if af\ y'j and tan a be eliminated, we shall obtain the 
required relation between a and y. 

Thus the equations to the tangent to a parabola and to a 
line perpendicular to it from (A, k) being 

a 1 

y = fw.r + — , y - A? = - — (a? - A) ; 

m m 

the equation to the locus of their intersection is 

« (y - ^)'+ ^ (^ - A)V y (y - *) (^ - A) = ; 
which, if A a Af = 0, becomes ^{a + ai) +a?^0 the equation 
to the Cissoid of Diodes ; and if A; «= 0, A s a, it becomes 

OS {y^ + (cT - ay\ =0, or <J7 = o, 
the equation to the tangent at the vertex. 

Similarly, the equation to the tangent to the ellipse being 
y -mw ^ V 6^ + m^ a% the locus of its intersection with a 
perpendicular let fall from a point (A, k) has for equation 

y (y - A) + 0? (zp - A) -c { o' (^ - A) « + 6Hy - *) * } ^ ; 

which, if the perpendicular be dropped from the centre, be- 
comes 

{of" + f^f - aV + 6y, 

which agrees with the polar equation already found (Art. 135) 

r« = a« (1 - e« sin^^). 
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In the case of the hyperbola, changing ft* into — ft% the 
equation is 

which if ft s a becomes 

representing a curve called the Lemniscata of Bernouilli, and 
whose polar equation is r^sa^ cos 20. If the perpendicular 
be let fall from the vertex of a rectangular hyperbola, the 

equation is or* + y* = a (^ - \/w^ - y^). 

75. If a curve roll upon an equal one, similar points 
being always in contact, to find the locus of any given point 
in the rolling curve. 

Let AP be the fixed, and A'P the rolling curve (fig. 71), 
^S' the describing point, and S a point similarly situated in the 
fixed curve. Join SS' meeting the common tangent at P in 
Y; also join SPy S'P* Then because the points in contact 
are similar, SP, S'P are equal and equally inclined to the 
common tangent PY; therefore PY bisects SS* at right angles, 
and therefore the locus of S' is similar to that of F, the foot 
of the perpendicular from S upon the tangent to the fixed 
curve, and S'P is always a normal to the locus of S'. 

If therefore y^fipc) be the equation to the locus of F, 

- =a / 1 .- J is the equation to the locus of S'. Hence if the 

curves are equal parab(das, and S the focus, its locus will 
be a straight line; if S be the vertex, its locus will be the 
Cissoid of Diodes ; if the curves are ellipses, and S the focus, 
its locus will be a circle ; if aS be the centre, the equation to 
its locus will be 

0?* 4- y* = 2 \/a?ij^ + ¥y\ 

^ wry t o aw (off — 3a) 

76. To trace the curve y* « . 

y 
When ^ « 0, ff =» 0, and limit of - « co ; therefore at the 

origin the curve cuts the axis of *t? at right angles. When 
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y 

ofssSa. 1/ = 0, and limit of — ~ — , when ^ « 3a, is infinity, 

X -- Sa 

therefore the curve again cuts the axis at right angles at a 

distance Sa from the origin. For values of or between 3a and 

4a, ^ is impossible, and there is no curve ; when ^ » 4a, y is 

infinite ; and when x is very large, the relation between w and 

y becomes 

/ 3a\ ( 4a\-' / a 4a^ 

j^ = a.(l--)(l--) =«.(! + -+-), 

.*. ^ B a (<r + a) is the equation to the parabolic asymptote, 
above which the curve lies. There is a maximum ordinate 
when 07 B 2a, and a minimum ordinate when a? « 6a ; and 
there must evidently be a point of contrary flexure at £r. 

By taking the limiting value of — , it will be found that the 

Sa 
diameter of curvature si A^ — , and similarly at C it will 

be found to equal Sa. There is no part of the curve cor* 
responding to negative values of a? ; and the axis of 07 is an ' 
Axis of the curve. Hence the curve is such as is represented 
in fig. Ill, the dotted line being intended for the parabolic 
asymptote. 

77. To trace the curve 

{^ - ^) (^ - 1) (^ -|>= 2 {j^ + /r(ar -2)}*. 

Solving the equation rdative to ^y we find 

4 

Hence a must lie between — -^ and ^; and as the rational 
part of 2j^ « ^ (a? + J) (g-jl^ — a?) nearly, when a? « ~ -^^ the 
ordinate is real, and is a tangent to the curve ; when <r » 0, 
2y* = 1^ or = ; when a? = i,. ^ «= i ;. and when ^ = |^, we 
get a real value for the last ordinate, touching the curve ; 
which consequently i&.that represented in fig. 112, having 
three true double - points, and four double tangents, i. e. 
straight lines touching it in two points. 
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78. To trace the curve y^ = 



a?* — o' 



When a? = 0, y « ± 



a 



\/2 



— » 



irhen or = a, the curve cuts the axis of a? at right angles; from 
0f^ a to of^^a^ y remains impossible ; when a; s 2 a, y is in- 
£nite; and when x and y become very great,- the relation 
between them is 



^ f ^ \ f ^ ^ !^ 



a Sa^\ a 3©* 

— _^_ • 

0? 2ci?** 



••• ± y «; ^ + a is the equation to the asymptotes above which 
the curve lies; also when w is negative, y perpetually in- 
creases, and there are two infinite branches; therefore the 
curve is such as is represented in (fig* 113), the co-ordinate& 
of the points P, P where it cuts the asymptotes being 

a 2a 

3 ^ 3 

79' The corner of a page is turned down so that the 
triangle is of a constant area, a^; the locus of the angular 
point is a lemniscata whose equation is r^ = a^ sin 2d. 

80. If two circles be inscribed in another circle touching 
one another, then the area of the circle whose diameter is 
their common tangent, will equal the area between the greater 
semicircle and the two smaller ones. 

81. The equation ^ + 2a^wy - 1»* = expressed by Polar 
co-ordinates is r^ « a^ tan 2d. 

82. Of the three squares that can be inscribed in an acute- 
angled triangle, the greatest is that which has two angles in 
the least side. 

83. A parabola is bounded by an ordinate perpendicular 
to its axis, whose length is 6, that of the portion of the 
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axis cut off being a; D, d are the diameters of the circum- 
scribed and inscribed circles, then i> + d » a + &. 

84. In PG the normal to an ellipse, a point Q is taken 
such that PQ » CDy shew that Q traces out a circle. 

85. Two conjugate diameters are produced to intersect 
the same directrix of an ellipse, and from the point of in- 
tersection of' each, a perpendicular is drawn to the other; 
these perpendiculars will intersect in the nearer focus. 

86. If a pair of conjugate diameters of an ellipse when 
produced, be asymptotes to a hyperbola, the point of the 
hyperbola at which the tangent will also touch the ellipse, 
lies in an ellipse similar to the original one. 

87. If two given circles touch one another internally, and 
a series of circles whose radii are r^ r^, &c. be described 
between them touching one another; and if Pj, P^t ^c- ^ 
the perpendiculars dropped from their centres upon the com- 

P P 

mon diameter of the given circles, then — -ts2(n — l). 

88. If a, 6, r, be respectively the radii of the given 
circles, and of the first circle in the series, prove that the 
radius of the (n + 1)* circle will be 

ah (a — b) r 

" abr + {» (a - b) Y/r~i v/aft(a -6 - r)}* ' 

89. If two circles touch one another, the radius of any 
circle touching them both bears an invariable ratio to the 
perpendicular from its centre upon their common tangent. 

90. If the length of the axis of an oblique cone be 
equal to the radius of its base, every section perpendicular 
to the axis will be a circle. 

91. If an ellipse be moved between two straight lines at 
right angles to one another, to shew that the centre will 
describe a circle, and to find the locus of any given point in 
the axis. 
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92. To find the equation to the conic section described 
with focus (A, A;) and directrix y = w«r + c. 

93. If SYf HZ be perpendiculars from the foci upon 
the tangent at any point P of an ellipse; then SZ and 
SY will intersect in the middle point of the normal at P, 
and the locus of their intersection will be an ellipse with 

a (1 +6*) and a \/l —e^ for axes. 

94. If a parabola be moved between two straight lines 
at right angles to one another, the equation to the locus of its 

vertex will be o^j^ + y^ai^ = o*. 



95. The area between two normals to a parabola at the 

extremities of a focal chord, and the curve, = — . , ^ , 6 being 

3sm^20 

the inclination of one of the normals to the axis. 

96. The sum of the squares of the normals to an ellipse 
drawn at the extremities of conjugate semi-diameters 

97. Find the locus of the vertex of a triangle whose 
base is constant, and likewise the product of the perpendi- 
culars dropped from the extremities of the base upon the 
line bisecting the vertical angle. 

98. If P be a point in a hyperbola, whose ordinate 

as J?(?-f-V aSC, and CY be a perpendicular from the centre 
upon the tangent at P, then PY = SC. 

99. If the opposite sides of a hexagon inscribed in a 
conic section be produced to meet, the three points of inter- 
section will lie in a straight line. 

In fig. 114, draw any diagonal MM\ and let the pairs of 
opposite sides which pass through its extremities meet in C, 
B ; and taking the line CB for the axis of ^, let the equation 
to the conic section be 
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ay*+ bwy + C£t^+ dy + ca?4-/=0 (l), 

and let the equations to the sides M'M^ MN, JVJV, IfJU* of 
one of the quadrilaterals into which MM' divides the hexagon, 
be respectively 

px +py « 1, qx + (fy = 1, 

Tx + ry = 1, 8x + ay « 1. 

Now the equation to the conic section is satisfied by all 
«uch values of x and y as jointly satisfy the equations to any 
two adjacent sides of the quadrilateral ; and therefore its equa« 
tion, since it is of the second degree, must be of the form 

fii(pa?+p'y-l)(ra? + r y-l)+w(9a7 + (y'y-l)(«cr+«'y-l)*^» 
which compared with (l) gives 

mpr + nq% « c, m + w «/, 
m (p + r) + » (q' + «) + c = 0. 

Now if we suppose A^ B^ C to be given points, and there- 
fore jp, 9, 8 to be given quantities, these three equations deter- 
mine nt, n and r ; therefore Z) is a fixed point ; which shews 
that if three sides of a quadrilateral inscribed jln a conic section 
pass through three fixed points in a given straight line, the 
Remaining side also will pass through a fixed point in that 
line. Consequently, since three sides of the quadrilateral 
MOO'M' pass through the points A^ J9, C, the remaining side 
oof must also pass through 2); therefore the three intersections 
of the opposite sides of the hexagon lie in a straight line. 
If the hexagon be changed into a triangle, by supposing 
every other side to become evanescent, and therefore to assume 
the direction of a tangent to the conic section at one of the 
angular points of the triangle, we fall upon Frob. 50. 

100. If two pairs of opposite sides of a hexagon inscribed 
in a conic section be parallel to one another, the two remaining 
sides shall also be parallel to one another. 

Xict MM* be any diagonal of any hexagon inscribed in a 
conic section having two pairs of opposite sides parallel to one 
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another, and as in the preceding Problem, let the equations to 
the four sides of the quadrilateral M'MNN* be 

y + r a? + / = 0, y + «jr + / « ; 

then the equation to the conic section will be 

m (y+p^+p') (y+rx + r) +n(y+qaf+q^ (y + «^ + «') = ^> 
which compared with (l) in the preceding Problem, gives 

m + n ss a, mpr + nqs = c, 
m (r + p) + w (« + g) = 6. 

These equations: shew that if three of the quantities^ 
p, 9, r, 8 be given, the fourth is also constant ; i. e. if three* 
of the sides of any quadrilateral inscribed in a conic section 
be parallel to three given straight lines, the remaining side is 
also parallel to a fixed line. But if O'M'^ OM be respectively 
parallel to the lines to which MN^ M'N' are parallel, then the 
position of 00' is determined from the above equations by 
interchanging q and 8 which does not alter them ; therefore 
00' is parallel to the same line to which J\W is parallel ; or 
the two remaining sides of the hexagon are parallel to one 
another. 

101. The three diagonals of a hexagon circumscribed 
about a conic section intersect in a point. 

Let afiyScK (fig. 115) be the angular points of a hexagon 
circumscribed about a conic section ; join the points of con- 
tact by straight lines, so forming the inscribed hexagon 
ABCDEK \ and produce its opposite sides to meet in P, Q, R. 
Then if two tangents were applied at the points a', ^, in 
which the diagonal ah meets the curve, they would intersect in 
P; similarly the pairs of tangents applied at the points where 
yKj /3e, meet the curve, would respectively intersect in Q and 
R ; but P, Q, 12, lie in a straight line ; therefore the three 
diagonals (since they are in the directions of chords joining the 
points of contact of pairs of tangents drawn from points in a 
straight line) must (Art. 50) pass through the same point. 



SECTION XL 

ON CURVES OF THE THIRD AND FOURTH AND HIGHER ORDERS; 
AND ON THE SINGULAR POINTS OF CURVE LINES. 



250. In this section we shall give some of the principal 
results that have been obtained relative to the properties of 
curves of the 3rd and 4th orders ; and as Pliicker, to whom 
the following investigations are chiefly due, has applied his 
method to curves of the second order, as well as of higher 
orders, we shall commence with that application ; both for 
the sake of some new results to which it leads, and for the 
purpose of making Pliicker's general method more readily 
understood. 

261. The general equation of the second degree 
y^ + ^Awy + Ba^ + 2 Cy + 22>a? + jB = 0, (l), 

provided s? -^-^Asis •¥ B ^0 has not equal roots, can always 
be transformed into 

(3/ + a^ + h) (y + a'w + fe') + w = 0, (2) ; 

only when the auxiliary equation has imaginary roots, the 
factors of the transformed equation are likewise imaginary, 
but their product real. 

As equation (2) is of the 2nd degree, and contains the 
requisite number of independent constants, we may evidently 
assume it to be identical with (1) ; and upon expanding and 
equating coefficients, we find 

a + o'=2-4, aa'eJB; 

so that - a, - a , are the roots of «* + ^Az -f 5 « 0, and will 
be real provided -4* - JB > 0. To determine 6, b\ and wi, we 
have 

5 + 6'=:2£', a6' + a'*«22), 66' + w = £, (S); 
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therefore if a, a are real, these equations will evidently 
furnish a single system of real values of 6, h\ and m. But if 
o, dy are imaginary , i. e. if -4* — JS < 0, the equation 

aH + ah « 22> 

shews that h^ V must also be conjugate imaginary roots of a 
quadratic equation, and their product consequently real, and 
therefore m real ; and in this case the two factors of the trans- 
formed equation are imaginary, but their product (which 
equals - m) is real. Hence the proposed transformation can 
be effected, and only in one way; none of the coefficients 
being indeterminate, nor having more than one value. 

252. If a and a are equal, then A^ — B ^0; and equa- 
tions (3) become inconsistent with one another, unless 

when the two former of them become identical. Hence when 

J« - 5 = 0, 
the transformation (2) is impossible, and it may be replaced by 

(y + aa? + by + wi (y + CO? + d) «= 0, 

in which one constant may be assumed at pleasure (since the 
general equation, with the condition ^' — jB s 0, contains but 
four independent constants), and then all the others can be 
determined from linear equations. 

If from the two former of equations (3) we determine 
5, 6', and substitute them in 66' + m = £, we get 

m (^« - S) = 2>* - 2 ADC + 5C« + £ (^* - B) ; 

and if the second member of this equation vanish, the pro*- 
posed equation resolves itself into two factors of the first 
degree, and represents two straight lines ; if the second mem- 
ber be negative at the same time that A^ - B is negative, the 
proposed equation cannot be satisfied by any real values of 
w and ST. 



1 
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253. When the general equation to a curve of the second 
order is put under the form 

(y + a^ + b) {y + a'm +6') + m « 0, 

its two real or imaginary asymptotes have for equations 

y + aa? + 6 = 0, y + aw + 6' = o. 

If with the equation of the second degree, ivhich as 
we have just shewn may be written pq -^ m ^ 0^ where 
p and q denote linear functions of x and y each containing 
two constants, we combine the equation to any straight line, 
we shall usually determine two points of intersection; but if 

we take the equation p = 0, we get — = 0, which can only bef 

satisfied by supposing w and y to be infinitely great ; so that 
p^Q represents a straight line whose two intersections with 
the curve are at an infinite distance, or it is the equatioit 
to one of the asymptotes of the curve ; and in the same way 
it appears that ^ « is the equation to the other asymptote. 
The curve is a hyperbola when the asymptotes are real, and 
an ellipse in the contrary case ; and instead of being deter- 
mined by five constants as in the case when it is referred to 
co-ordinate axes whose relation to it is arbitrary, it is, when 
represented by the equation jpg + m = 0, determined by one con- 
stant, and two straight lines that bear a fixed relation to it. 

254. In the second form to which we have reduced the 
general equation of the second order, viz. p^-^mq ^0^ the curve 
represented is a parabola, and is determined by one constant, 
and two straight lines, one of which is arbitrary since one 
constant more than necessary enters into the equation. It is 
evident that p «= is the equation to a diameter intersecting 
g B at a point in the curve ; and that ^ = is the equation 
to the tangent at that point, as it leads to p^=^0, shewing that 
its two points of intersection with the curve coincide with one 
ainother. 

255. When we take for the general equation of the 
second degree the form 

pq + mr^ = 0, 

which contains seven constants, and combine it with either of 
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the equations p = or g = 0, we get r* = ; so that the two 
straight lines represented by |) = 0, g = 0, are tangents, and 
the two points of contact lie in the straight line r = ; and 
the curve is in this case determined by any two tangents and 
the chord joining the points of contact. 

Another form under which the general equation of the; 
second degree may be written, is 

u^ V, and r being, as before, linear functions of w and ^, each 
involving two constants ; and in this case each of the lines 
t^ = 0, « = 0, r = 0, represents the chord joining the points of 
contact of the pair of real or imaginary tangents passing 
through the intersection of the other two lines. 

266. The general equation of the third degree 

provided si? + Jz^' + Bz + C = has no equal roots, can always 
be transformed into 

(y + a a? + 6) (y + a' ^ + 6') (y + a" w + 6") + w (y + co? + d) = (2) ; 

only when the auxiliary cubic has imaginary roots, two 
factors of the transformed equation are likewise imaginary, 
but their product real. 

As equation (2) is of the third degree, and contains 
the requisite number of independent constants, we may 
evidently assume it to be identical with (l); and upon 
expanding and equating coefficients we find 

a ^ a •\- a" =^ J, aa + aa' + a a" « B, aa'a'* = C, 

so that — o, - a , - a\ are the roots of the cubic equation 

s^-^-As^ + Bz-^-C^O (3), 

which we will suppose to be unequal. 

For determining ft, fe', 6", we get three equations, which 
may be written 

6 + 6' + 6" = 2), a! b" + a"6' + aQ/ + 6") + (a' + a") b^E^ 

a (ab" + a'b') + a' a'b = F (4). 
14 
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Now if a, a J a\ be real and unequal, from these equa- 
tions since they are linear, a single system of determined 
values of 6, 6', 6", can be at once obtained. But if two 
roots of (3) a , a", be imaginary, then a + a", and a a\ 
are real ; and therefore from the same equations we can get 
one real system of determined values of 

a'6"+a"6', 6' + 6", andfe; 

consequently 6' and 6" must be conjugate imaginary roots 
of a quadratic equation since a', a", are so; therefore 6' 6" 
is real ; as is also the product 

{y + a'a? + 6') (y + a'w + 6"). 

The three remaining constants f», c, and d, are given 
by the equations 

6 (6' + 6") + h'b" +m:^G, aW + 6 {ah" + a'b') + mc ^ H, 

bb'b" + md^I, (5), 

which, subject only to the condition of a, a\ a", being 
unequal, give one real system of determinate values of lUy 
c, d. Hence it is proved that the proposed transformation 
can be effected, and only in one way ; none of the constants 
of the transformed equation being indeterminate, and none 
of them having more than one value. 

257. If 0'= a", equations (4) become 
5+(6'+5")=A (a+a)(6'+0+2a6=£, aa(V^b")+a^b=F, 
and cannot coexist unless the equation 

is satisfied, in which case they will determine only 6, and 
b' + b" ; so that the transformation into (2) may be effected 
in an infinite number of ways, as one of the quantities b\ 6", 
may be assumed at pleasure ; and the remaining constants 
become known from equations, (5). When the equation 
Da^-Ea'+ F^O is not satisfied, it is impossible to put 
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•the proposed equation into the form (2) ; and in place of it 
vre may choose the form 

containing eight constants to which the number of constants 
in the proposed is reduced on account of the condition a = a'; 
and by comparing coefficients it will be found that this trans- 
formation can be effected in one determined way and no more. 

When a = a' *a «", equations (4) cannot coexist unless 
-BssgDo, F^Do?^ in which case they will determine only 
the value of 6 + 6'+ 6". Consequently the transformation into 
(2) may be effected in an infinite number of ways, as two of 
the quantities J, 6', 5" may be assumed at pleasure. Under 
these conditions, the proposed equation has its independent con- 
stants reduced to five ; and besides the form (2) may likewise 
be made to assume a form involving that number of constants, 
viz. 

(y + a«p + 6)* + w (y + c^ + d) ■= 0. 

When the conditions jB = 22)a, F^Da^^ are not satisfied, 
it is impossible to put the proposed into the form (2) ; and 
instead of it we may choose the form 

(y + ozr + 6)' + / (y + g'j? + A)* + m (y + c^ + d) e 0, 

containing one more constant than necessary, as the number 
in the original equation is reduced to seven. 

If we take the form 

(y 4- ao? + 5)'* + / (y + o^ + 6) (y + ^^ + A) + m = 0, 

containing only six constants, there will be an equation of 
condition which we find to be Da*- £« + jP=0; subject to 
which the transformation can be effected in one determined 
way and no more. 

258. A curve of the third order has in general three 
rectilinear asymptotes by which it is ^ cut in three points 
lying in a straight line. 

It has been shewn that the general equation of the third 

14 — 2 
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degree with certain exceptions can be made to assume the 
form 

(y + oa? + b) (y+aw+b') (y + a" a? + 6") + wi (f/ +c^ +d) = 0, 

which we may write pqr-^ms^O, using p, q^ &c. to de- 
note linear functions of w and y each involving two constants. 

Now if with the equation pqr + ms^O^ we combine 
the equation to the straight line p = 0, we get « = ; so 
that we determine only one point of intersection of the line 
p = with the curve, namely that in which the line p = O 
intersects the line « = ; therefore the other two points of 
intersection which ought to exist must be at an infinite dis- 
tance ; consequently the line p = is an asymptote to the 
curve. 

Similarly, the equations q = r = 0, represent two rec- 
tilinear asymptotes, each having, in common with the curve, 
but one point ; and that point situated in the line « « 0. 
Therefore a <;urve of the third order has in general three 
rectilinear asymptotes by which it is cut in three points 
lying in a straight line. 

259. To construct any number of points of a curve of 
the third order, having given its three rectilinear asymptotes 
P, Q, R fig. (11 6) ; its three points of intersection with those 
asymptotes S, S^ aS^; and one other point M. * 

In this case the equation to the curve will be 

pqr + f»« = (1), 

all the constants being known ; and by introducing an indeter- 
minate constant n, it may be written 

p (qr + w) + w« - wp = 0. 

Under this form it is satisfied by 

qr + n^O (2), mB-fipB^O (3); 

the former representing a hyperbola that has Q, jR, for its 
asymptotes ; and the latter a straight line passing through S 
the intersection of the proposed curve with the remaining 
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Asymptote, and whose two points of intersection with the 
hyperbola are situated in the curve (l). Now suppose the 
hyperbola to pass through JIf, then n will receive a determined 
value; and the line (3) will pass through JIf, and the second 
point N which it has in common with the hyperbola, and 
therefore with the curve (l), is determined by taking LN-MK^ 
since Q and R are asymptotes to the hyperbola. Similarly, 
by joining M with Si and S^'i two other points may be deter- 
mined; and any one of these new points will enable us ta 
determine three fresh points of the curve, and so on. 

260. ' If a series of curves of the third order have the. 
same three rectilinear asymptotes, and cut them in the same 
points, the locus of the points of contact of the tangents pass-* 
ing through any one of those points, will be a hyperbola. 

In fig. 116, let the point M be such that it bisects LKy 
then N coincides with it, and SM is a tangent at M, and does 
not meet the curve except at M and S. Let p = be the equa^ 
tion to the asymptote passing through S\ and let po> i^'> v' be 
the values assumed' by the given linear function ^, when in it 
the co-ordinates of S^ iT, L are substituted for on and ^, and P 
its value when the co-ordinates of M are substituted ; and simi- 
larly for the linear functions q and r, g = and r = being 
the equations to the other two asymptotes. Then because M 
lies midway between K and Z, we must have between the 
co-ordinates of those points the relations 

2^=.cv+a?^ 2F«y' + y"; 

and cotisequehtly 2 Q « 9' + g" = q\ since q = 0. Now the 
equation to SL may be written q — q^^k{T — Tq), and sub.^ 
stituting in it the co-ordinates of i, we get 4^ — q^^^ — kr^i 

but Q - go" A (-R "• ^o)> since Jf lies in SL; therefore, elimi-* 
nating the indeterminate constant ft, we have 

2Qfl--Qro- jRgo = 

for the equation to the locus of Jf, which represents a hyper- 
bola passing through S^ and through the point of intersection 
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of the asymptotes Q and 12, and having its centre midway 
between those points^ and its asymptotes parallel to the said 
asymptotes. 

261. A curve of the third order has in general three 
centres whose positions depend only on the asymptotes, and 
the points in which the curve cuts the asymptotes. 

Proceeding as in the last article, we should find for the 
loci of the points of contact of the tangents passing through 
the points Si and aS's, two other hyperbolas having for equations 

2pr - pri - rpi = o, 2pgr - pq^ - qp^ = 0. 

Now any two of these hyperbolas, having asymptotes parallel 
to the same straight line, can only intersect in three points ; 
and we shall shew that these three points are fixed points, and 
the same for the three hyperbolas. For the line SSz^ since it 
passes through the points S, S2; and through the points S^y 
Sfi ; may evidently be represented by either of the equations 

J) T T 

:11 + -=1, I.+ -=s:l, 

P2 Tq q^ r, 

which lead to the two conditions 

(ro-ri)l>2 = roPi (^i-n)%=ngo 0)- 

Now if we eliminate r between the equations to the two first 
hyperbolas, viz. 

9,qT - qr^ - rq^ - 0, 

5tpT -^ pTi -. rpi Bs 0, 

we get for the curve passing through their points of inter- 
section the equation 

n - ^0 n - ri - 

which by virtue of the equations of condition (1) is identical 
with the equation to the third hyperbola 

therefore the three hyperbolas intersect one another ii^ the 
same three points. 
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These points, which are fixed points for all curves of 
the third order that have the same asymptotes, and cut them 
in the same three points S, 6'i, ^2, are called the centres of the 
curves, and are such that three chords drawn through each of 
them to meet the curve again in S, Si, S^, mutually bisect 
one another. 

262. If we suppose the point M with which we begun 
the construction of the curve, to coincide with one of the fixed 
centres, then as two of the hyperbolas pass through it, two 
tangents to the curve will likewise pass through it, or it is a 
double point. When, therefore, in the equation to curves of 
the third order pqr + m« = 0, that have three given asymptotesf 
and cut tfiiem in three given points, we determine m (which is 
the only constant that remains indeterminate) so that the curve 
passes through one of its centres, that centre becomes a double 
point of the curve ; consequently a double point can only 
occupy three difierent positions. 

263. When a straight line cutting a curve of the third 
order in three points moves parallel to itself, the locus of th^ 
point D in it whose distance from its extremity always equals 
one third the sum of the distances of the three points of inter- 
section with the curve from its extremity, will be a straight line. 

Let q=^kp + yhe the equation to the line in which k is 
known ; and let the equation to the curve be 

(na? + a) (y + 6) (c - no? - y) + 7n(y + ^a? + A) = 0, 
or pg (fi ^ p " g) + fn>8 «= ; 
the co-ordinate axes being taken parallel to two asymptotes, 
and a + 6 + c a= /3. Then eliminating g, the co-ordinates of 
the points of intersection of the line and curve must satisfy 
the equation 

A: (& + 1) p^ + (7 + 2*7 - kp) 2>^ + 7 C7 - )3) p - m^ = b. 

Now let P and Q be the values assumed by the linear func- 
tions p and 9, when in them the co-ordinates of D are substi-* 
tuted for w and y, then 
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lence eliminating y^ "we get for the locus of D, 

A; (fc + 2) P + (2i + 1) Q - A;/3 = (l), 

^he equation to a straight line, which is called a diameter of 
the curve of the third order. 

When k changes, the direction of this diameter changes ; 
and if two values of k become equal, i. e. if A;, besides satis- 
fying (l)^ also satisfy the equation 

(A? + l)P+Q-|/3 = 0, 

and we eliminate k between this and (1), we shall obtain the 
equation to the curve to which all the diameters are tangents ; 
viz. 

(2p + 2? - /3)« = 4pg, or (p - \fif + (g - \^f 

+ (r-i/3)«-(i/3r (2). 

This result shews that the diameters of a curve of the 
third order having three real asymptotes, are all tangents to 
the ellipse which touches in their middle points the three 
sides of the triangle formed by the asymptotes. 

Por equation (2) shews that the line p ^0 meets and 
touches the ellipse in a point for which 2g=>2r = /3; now 
let X and Y be the co-ordinates of the point lying midway 
between the points of intersection (a?', y'), (jc\ y") of p = 
with the other two asymptotes, then (as in Art. 260) 2X=a?'+a?", 
^r^y + y'; therefore 2Q = ^+^"= £^"= j8, 2jB = r=)3, 
since /3 is the common value of the functions p, g, r, when in 
each the co-ordinates of the point of intersection of the other 
two are substituted ; therefore (JT, Y) is the point of contact of 
jp = with the ellipse ; and similarly for the other asymptotes. 

264. The number of the double points including cusps 
of a curve of the n*^ order cannot exceed ^(w - 1) (n — 2). 

Let z denote the number of double points of any curve of 
the w*^ order ; and through them and through ^p (p + 3) — » 
additional points of the curve, let a curve of the p^^ order be 
drawn. Then because in each double point two points of 
intersection of the curves become coincident, and the total 
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tiumber of those points of intersection cannot exceed np^ we 
must have 

2«r + -J JO (p + 3) — « not greater than wp, 
and *•. Si not greater than ^p (^n - 3 — p) ; 

ibut this last expression will be a maximum when ;> = 2n — 3 —p 
or Qp^2n — 3; and as p must be an integer, p = w — 1, or 
© = w — 2 ; and consequently we cannot have z greater than 

265. A curve of the n*^ order may in general have 
n(n — l) tangents drawn to it through a given fixed pointy 
or parallel to a given line. 

Let /(a?5 y) = be the equation to the curve, and 
9 s 911^ + c the equation to a straight line ; then if m and c 
be such that /(a?, mw + e) == o has a real root twice repeated, 
that root'is the abscissa to the point of contact of the line with 
the curve ; and (Theory of Equations, Art. 60) is also a root 
of /' (a?, wzp + c) = ; and if between these equations, which 
are respectively of n and of n — 1 dimensions in w and c, we 
eliminate c, there will result an equation of w (n — l) dimen- 
sions, whose roots are the abscissae of the points of contact of 
all tangents that can be applied to the curve parallel to 
y = mof ; consequently the number of ^uch tangents will in 
general be n(jt^ l). 

But if the tangents are all to pass through a point (A, A;), 
then we must eliminate m between 

/{a?, [m(cr-A) + &]} =0, /'{a?, [m(/p-A) + A;]}=0, 

and the result will have for its roots the abscissse of the points 
of contact, in number 7^(t^— 1) as before. When the given 
point is in the curve, the tangent at that point must evidently 
be reckoned twice ; and if it be in one of the asymptotes at an 
infinite distance, the number of tangents that can pass through 
it, or in other words that can be drawn parallel to the asymp- 
tote, must be reduced by two units. Hence four tangents can 
be drawn to a curve of the third order, parallel to one of its 
asymptotes. If the given direction be parallel to the tangent 
at a point of inflexion, or the given point be itself a point of 
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inflexion, the number of tangents that can be drawn, will b^ 
respectively diminished by one and two units. 

266. When tangents are applied to a curve of the third 
order respectively parallel to its three asymptotes, the points 
of contact lie in a straight line. 

As we may assume for the general equation to curves of 
the third order any equation of the third degree in w and y 
with nine independent constants, we may take for it the form 

pqr -{-ms^ ^ (l) ; 

» 

but we cannot, as in the fundamental form where only the 
i^imple power of 8 enters, be certain that this transformation 
can be effected only in one way. The lines expressed by the 
linear functions p^ f, r, «, now bear new relations to the curve ; 
Cor if with equation (l) we combine the equation p^O^ we 
get «^ ■= ; therefore the line j» = meets the curve in two 
points only, and those points are coincident ; consequently, its 
other point of intersection is at an infinite distance ; so that the 
line p =» is parallel to an asymptote, and also touches the 
curve in the point where it intersects the line « = 0. Similarly, 
q^O and r = represent lines parallel to the other two asymp-i 
totes, and touching the curve in the points where they inter-, 
sect « «= 0. Now four di£Perent tangents may be applied to the 
curve parallel to any one of its asymptotes, and the four points 
of contact may be joined by straight lines with the points of 
contact of four tangents parallel to a second asymptote by six- 
teen different straight lines, each of which will pass through 
the point of contact of a tangent parallel to the third asymptote. 
Since, therefore, there can be sixteen different systems of tan- 
gents parallel to the asymptotes with their points of contact in 
a straight line, the general equation of the Srd degree must be 
capable of being put into the form (l) in the same number of 
ways. 

267- A curve of the n^^ order has in general Sn (n - 2) 
points of inflexion. 

Let /(a?, y) = be the equation to the curve, and 

y =s mw + c 

the equation to a straight line; then if m and e be such thai; 
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f (a?, mx + e) » has a real root thrice repeated, that root is 
the abscissa to a point of inflexioD ; and it is (Theory of Equa« 
tions, Art. 60) also a root of the equations 

/'(^, mco + c) =B 0, /"(^j ^^ + c) = ; 

and if between these three equations m and e be eliminated, 
there will result an equation whose roots are the abscissae of 
points of inflexion. 

Now restoring the value of y, the three equations between 
which the elimination is to be peribrmed may be written 

tt„ = 0, 

where u^^ w«_i, &c. denote functions of n, n - 1, &c. dimen- 
sions in to and y ; eliminating m between the two latter, we get 
an equation of Sn — 4 dimensions, viz. 

«^»-3<-i - 2M?„.2w„_it?„.x + t>„_2wVi = ; 

^nd again eliminating y between this and u^ » 0, we finally get 
an equation of n (S/z -4) dimensions in w. Now the curve will 
have n rectilinear asymptotes, each of which will intersect it in 
two points infinitely distant, which points have the character 
of points of inflexion in that the radius of curvature at each 
is infinitely great; therefore 9,n points are included in the 
above, which are not proper points of inflexion ; and subtract-- 
ing, we get S/i (ti - 2) for the number of points of inflexion 
that a curve of the »*^ order may in general have. 

• 268. The points of inflexion of a curve of the third 
order lie three and three in a straicjrht line. 

By the foregoing article a curve of the third order has in 
general nine points of inflexion ; and we shall now shew that 
any straight line passing through two of them, must cut the 
curve again in a third: As before; we may assume for the 
general equation to curves of the third order, the form 

since it contains the requisite number of independent constants. 
If with this equation we combine the equation p <= 0, we get 
a^ss 0; which shews that the three points in which the line 
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p « cuts tlie curve, are coincident ; consequently the line 
jP B has a contact of the second order with the curve at the 
point in which it intersects the line « = 0, and that point is a 
point of inflexion* Similarly, each of the lines g » 0, r = 
has a contact of the second order with the curve at the point 
in which it intersects « » 0; and we thus obtain two other 
points of inflexion, lying in the same straight line with the 
first. Since out of nine things taken three at a time, twelve 
combinations may be formed such that no two of them have 
more than one element in common, it follows that the general 
equation of the 8rd degree may in twelve ways be put into 
the form pqr + mtpss O; but in only one of them will the 
linear functions p, g, &c. be real, as only three of the points of 
inflexion can be real and six of them imaginary. 

269. When a curve of the third order with three real 
asymptotes, has a double point, it will fall without, upon, 
or within the ellipse which touches in their middle points the 
three sides of the triangle formed by the asymptotes, according 
as it is a proper double point, a cusp, or a conjugate point. 

If f« Bs be the equation to a curve, then 

and since at a double point d^y a - , at such a point we must 

have d^,)U = 0, d^,« = (l) ; and to get the two values of d,y 
at the double point, we must have recourse to the second derived 
equation which, in consequence of the conditions (1), becomes 

d%^ u + 2d^,) d^j^^u . d^y + dj,) w . {d^yf = ; (2), 

and according as this equation gives real, equal, or imaginary 
values of d,y, i. e. according as 

(d(,, d(y) t^)* - df,) « . djy) w > , = , or < (S), 

there will be a proper double pointy a cusp, or a conjugate 
point. 

Now, taking the co-ordinate axes parallel to two asymp* 
totesy let 

(wa? + a)(y + 6)(c - wo? - y) + w(y + ^a? -h A) e 0^ 
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« 

ot w = pg (/3 — p — g) + f»« e be the equation to a curve of 
the third order with three real asymptotes, where we have 
put a + 6 + c « j3 ; then 

therefore the condition (3) becomes 

(r - p - g')* - 4jpgr = p* + g^ + r* - J jS® > , = , or < ; 

which shews that a proper double point must fall without, and 
a conjugate point within, that ellipse which is the locus of the 
possible cusps; and which (Art. 263) touches in their middle 
points the three sides of the triangle formed by the asymptotes. 

270. But if a series of curves of the third order having 
the same asymptotes, have each a double point such that one 
of the tangents passing through it is in a constant direction, 
then dgtf will have a constant value k suppose, which must 
satisfy equation (S). Hence substituting for dgf/^ and for 
the differential coeiScients of u their respective values, we get 
for the locus of the double points the equation 

/c*9 + /c (2p + 2g - j3) + p = 

representing that diameter to whose chords the above-men- 
tioned tangent is always parallel. 

271. If a curve of the fourth order have three proper 
•double points, the six tangents at those points all touch a conic 
section. 

Since the curve has three double points, if p = 0, 9 ss 0, 
r s 0, be the equations to three straight lines passing through 
every two of them, and in the equation to the curve we 
fiuppose p to vanish, ^r^ must appear as a factor; simi- 
larly when q and r are supposed to vanish, p*r' and p^tf 
must appear respectively as factors; therefore the equation, 
since it is of the fourth degree, must be of the form 

cp^g* + bp^r *+ ag*r* — 2pqr {ap + h'q + cr) « (l). 

Now 9 a Xr represents any straight line passing through 
the double point 9 « 0, r » ; and if we combine it with 
the equation to the curve and reject the factor r^ we obtain 
for result 

i^a)^ - ^prQ/X^ + c\)^-f{c\^ -^ 2a'\ +6) » 0; 
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and if X be sucb that cX* - 2a'X + 6 = 0, then r will divide 
out, and the line q^Xr in the positions determined by the 
two values of .X will be a tangent to the two branches tha( 
intersect in the double point g ■= o> r « 0, Similarly r = /^jp 
will become 9 tangent to each of the branches that intersect 
in the double point p » 0, r = 0, provided /a be taken such 
that ttfx^ — 2b' fi + c » ; and p ^ vq will touch each of the 
branches that intersect in the double point p ^0, q =^ O, 
provided v satisfies the equation 61;' — 2c'i; + a = 0. And 
it remains to shew that the six lines determined by these 
conditions are all tangents to the same conic section. 

Now the condition that the straight line Z^ + 9ny+l=0 
may be a tangent to the given conic section 

Ay^ + 2Bwy + Ca^ + 2Dy + ZEic +1=0, 

by eliminating w between these equations and expressing 
that the two values of y in the resulting equations are equal 
to one another, is found to be 

{A - jD-) P-^^C- Er) m« + 2 {DE '^B)lm + 2 {BD - AE)l 

+ 2 {BE -CD)m + AC-'B'^0. 

If therefore, instead of Ix + my + 1 = 0, we bad Ip + mq 
4. nr = 0, where j) « 0, 9 » 0, r «= are the equations to 
three given straight lines, the condition for this being a 
tangent to the conic section would lead to an equation of 
the form 

aP + 6m* + cn^ + 2a mn + 2b'In + 2c Im = 0, 

<E, 6, c, &c. depending only on the constants in the given 
linear functions p, 9, r, and in the given equation to the 
conic section. 

Hence making successively /, m, «, = 0, we get for mq 
4. nr = 0, Ip + nrts 0, Ip + mq s 0, being tangents to the 
same conic section, the conditions respectively bm^ + cn^ + 
2amw«0, a/* + cn* + 2 6'/neO, a? + 6fn* + 2c'/m = 0, 
which are the same conditions as we have already shewn 
to be' fulfilled by the six tangents at the three double points 
of a curve of the fourth order; these six tangents conse- 
quent^ all touch the same conic section. 
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* . 272. If a curve of the fourth order have three cuspti 
of the first sort^ the tangents at those cusps will intersect 
in a point. 

If in equation (1) to curves of the fourth order in the 
preceding article we change the constants so that it becomes 

p^^ + m^p^T^ + n^^r^ + 9,pqr {mp + nq — mnr) = 0, 

then the three proper double points are replaced by cusps 
of the first sort, because the two tangents at such doubly 
points become coincident ; and the equations to the three 
tangents at these cusps are 

mp - n^ = 0, g + Twr s= 0, |) + Tir = 0, 

which evidently represent three lines intersecting in a point. 

273. If four double tangents be applied to a curve of 
the fourth order, the eight points of contact will be situated 
in one and the same conic section. 

A double tangent is one which touches a curve in two 
distinct points ; and cannot exist for curves of a lower order 
than the fourth, as the curve must be capable of being cut by 
a straight line in four or more points. 

* Suppose w = to be the general equation of the second 
degree containing five constants ; then the general equation 
of the fourth order may be put under the form 

pqrs + mu^.^ 0, (l) 

since this latter equation is of the 4th degree, and contains 
the requisite number, 14, of independent constants. If with 
equation (l) we combine the equation p = 0, we get z^^=rO; 
therefore the four points of intersection of the straight line 
|) s= 0, with the curve (l), become coincident in pairs, ahd also 
coincide with the points in which the line p =5 0, cuts the conic 
section u^O; and as the same thing is true for each of the 
straight lines g = 0, r = 6, « = 0, it follows that the points of 
contact of the four double tangents will all be situated in the 
conic section w «= 0. If therefore we have given a curve of 
the fourth order, and three of its double tangents P, Q, and 
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jB; and if we know both pairs of the points of contact in P 
and Q, and one point of. contact in R^ and describe a conic 
section through those five points, it will cut R in the second 
point of contact, and it will likewise cut the ctnrve itself in two 
additional points which are the points of contact of a fourth 
double tangent. For an example of this sort of curve, see 
p. 200. 

274. To determine the double tangents of a curve of the 
fourth order. 

Let fipoy y) = be the general equation to curves of the 
fourth order, and y » mw + n the equation to a double tan- 
gent ; then eliminating y between these equations, there results 
for determining the abscissae of the points of intersection of 
the line and curve, an equation of the form 

aa^ + ba^ + ca^ + dtV + e ^ 0, 

or (a?* + fof -{- g) (aa^ '{' to? -{■ u) =0 suppose, 

the coefficients involving m and n to the fourth power. 

Now this equation, since y^m/ff-^n represents a double 
tangent, has two pairs of equal roots, and must therefore have 
one of its quadratic factors ^ + fo(f + g suppose, in common 
with the derived equation 4aj?^ + 3bw^ + ^cw 4-^ = 0; this 
latter equation must consequently be of the form 

(a?^ +faf + g) {^anB + t)) =s 0. 

Hence we have the identical equation 

(a«r* + 6a^+ ca^ + d^ + c) (4aa? + v) 

= {^aa^ + Sha^ + 2c.i? + d) (aa^ + toff + u)'y 

and equating coefficients we get 

£6 (u — 4^ + 6) as 0, bv ^ 3bt — 4fau + Qac « 0, 

cv - 2ct - Sbu + Sad = 0, 

dv -- dt -- 2cu + 4ae = 0, eu « du ; 

substituting the values of t and u given by the first and last 
of these equations in the other three, we get three values of 
v-i-d, which equated two and two give 
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(bd - l6ae) (6ad - be) = (Sac - SV) (cd - 66c), 

(bd - l6ae) (6be - cd) = (8cc - S(P) (be - 6od); 

and these two equations contain only the unknown quantities 
m and n, and serve to determine them. 

275. A straight line will in general inters^t a curve 
of the n^ order in n points ; when it intersects the curve in 
fewer than n pdints, this happens because some of the points 
of intersection are situated at an infinite distance. The; two 
constants that fix the position of a straight line may in general 
be determined so that two of its points of intersection with a 
given curve of the n^ order may be infinitely distant, in which 
case the line is called an asymptote, and may be considered as 
a tangent whose point of contact is at an infinite distance. 
But it is only for curves of a particular sort that more than 
two points of intersection of a straight line with then) can be 
defective ; when three points of intersection are wanting, the 
asymptote may be regarded as the tangent at a point of in- 
flexion infinitely distant; when r points of intersection are 
wanting, the asymptote has a contact of the r^ order with the 
curve at an infinite distance, or is an osculating asymptote of 
that order. 

276. A curve of the n^ order has in general n rectilinear 
asymptotes by which it is cut in n(n'-' 2) points lying in a 
curve of the (n - 2)*^* order. 

Let t^tt «= denote the general equation to curves of the 
n^ order, and let j>, q, &c. t he n linear functions of a and 
^, each containing two constants, and t^,., = the general 
equation of the (n — 2)^ order ; then u^^O may be put under 
the form 

pqr .•. «^ + mu«.8 = 0; 

for this latter equation is of the n^ degree, and contains the 
proper number 2n + 1 + ^ (n - 2) (» + 1) = ^n (» + 3) of in- 
dependent constants. If now we combine the equation j) « 
with that to the curve, we get the equation u^^^ ■* for 
determining the points of intersection of the line and curve; 
therefore two of those points are infinitely distant, or p « 
16 
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is an asymptote; and the n - 2 actual points of intersection 
lie in the curve u^^f = ; the sanie is true for each of the 
other n — 1 lines, g = 0, r = 0, &c.; therefore the curve will 
in general have n asymptotes, by which it is intersected in 
n (« - 2) points lying in a curve of the (n - 2)* order. 

277- A curve of the »*^ order may in general, according 
as n is even or odd, be completely determined by means of ^n 
given points in it, and j^n {n + 2) straight lines bearing fixed 
relations to it ; or by ^ (n - 1) points, and :^ (n + 1)^ lines. 

For if we denote pqr ••• 8fj the product of n linear func- 
tions, by t)., we have 

similarly, 

and so on, till, according as n is even or odd, we arrive at 

Consequently by successive substitutions, we get the general 
equation of the n^ order resolved into the form 

«. + Ms<^«-2 + M4»i.-4 + &c. « (1), 

tbe last term being fi, or Mn^if u according as n is even or odd. 

Then the functions v., o,.2» &c. are known, if the groups 
of straight lines which they respectively represent are given ; 
and the number of these straight lines, which all bear a fixed 
relation to the curve, is evidently ^n (n + 2) or ^ (n -f l)% 
according as n is even or odd. Moreover if we know ^^ or 
^(n - 1) points of the curve, according as n is even or odd, 
we may from (1) form the same number of linear equations 
among the coefficients Ms* M49 ^^m which will serve to de- 
termine them; so that every part of equation (l) will be 
known, and the curve completely determined. 

According to the preceding notation the equation to a 
curve of the n^^ order that has m osculating asymptotes of 
the r^ order will be 
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278. We are now able to explain the geometrical mean- 
ing oi the several cases of curves of the third order noticed in 
Arts. S56 and 257 ; beginning with that of the cubic having 
three unequal roots. 

When the three asymptotes are real, and no two of the 
lines j^sO, gsO, rsO, s ss o parallel, the curve consists of 
three pairs of infinite branches, each pair turning their con- 
vexity towards, and tending to become coincident with, one of 
the asymptotes that lies between them. When the line 8 = 
is parallel to one of the asymptotes j) s o, so that the equation 
to the curve becomes 

pqr + m(p + A) «= 0, 
then p a represents an osculating asymptote. 

If the line « >= a be removed to an infinite distance, so that 
the equation becomes jvgr+msO, then all its asymptotes 
osculate the curve. 

When two asymptotes are imaginary, the equation becomes 
p(«* + tj') + w« = ; in which case p = represents an ordi- 
nary rectilinear asymptote, and the two imaginary asymptotes 
intersect in a real point. But if the line « » be parallel to 
the real asymptote (so that the latter becomes an osculating 
asymptote), or be removed to an infinite distance, the equation 
is changed, respectively, into 

p(tt* + «') + m (p + A) « e, or p{u* + r*) + w « 0. 

279. When the cubic in Art. 256 has two equal roots, 
and the curve actually admits of two parallel asymptotes, (its 
equation being capable of being put into the form pgr-^-ms^^O^ 
in an infinite number of ways,) as the number of constants is 
reduced to seven, the equation may be written either 

p(q^ - A') + m (q + A) = 0, or p((f + A*) + fi» (g + &) = 0, 

according as the two parallel asymptotes are real or imaginary ; 
but if the line 9 -f A? = be removed to an infinite distance so 
that the equation becomes p (g* ± A«) + m « 0, then p = is 
an osculating asymptote. When A = 0, the parallel asymptotes 
become coincident. 
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When the two parallel asymptotes do not exist at any 
finite distance, the transformation into pqr + ma » is im-* 
possible ; but it can then be effected, in one determined way, 
into the form p(g* + Ip) + iw« = 0, where we see that p « . 
represents an ordinary rectilinear asymptote, and the parabola 
g^ + /p s is a curvilinear asymptote, since instead of six it 
has but two points of intersection with the curve ; and the 
points of intersection both of the rectilinear and parabolic 
asymptotes with the curve lie in the line « = 0. If preserving 
its due number of constants the equation be put under the 
form 

{p + A) (g* + Ip) + m (g + *) = 0, 

we see that the parabola 9^ + /p » meets the curve only in 
one point, and is consequently an osculating asymptote of the 
fifth order ; and if the line gr + jk ss move off to an infinite 
distance so that the equation becomes 

(P + *)(?* + /p) + m « 0, 

the parabola 9^ + /p » then becomes an osculating asymptote 
of the sixth order. 

280. When the cubic in Art. 256 has three equal roots, 
the equation to curves of the third order may in a particular 
case be reduced to the form p^ + ?wg = representing the 
cubical parabola^ the nature and figure of which are well 
known ; and generally to the form p^ -^ Iff -{- ms = 0, which 
only admits the semi-cubical parabola p^ + l(f =^0 for asymp- 
tote, but has no rectilinear or parabolic asymptote; moreover 
if « s p + A, or becomes constant, the asymptote osculates the 
curve. When the number of constants is reduced to six, the 
equation may be transformed, in one determined way, into 
p{p^ + /g) + wi e 0, which represents a curve called by Newton 
the Trident, having for asymptotes both the parabola p^^lq^O^ 
and the line p = which is a diameter of the parabola, by 
neither of which is it intersected ; it has an infinite branch on 
each side of p = 0, and two others, one on the outside of the 
first, and the other on the inside of the second branch of 
the parabolic asymptote. 
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MR. TODHUNTER'S CONIC SECTIONS. lo*. 6d. 



MATHEMATICAL CLASS BOOKSr^-Continued. 

MR. TODHUNTER'S TREATISE O^ ALGEBRA. 

{Prep€U'ing. 

MR. TODHUI^TER'S ALGEBRA POR BEGENllTORS. 

\^Prepari'ng, 

PROE. WILSOl^'S TREATISE OJST DYNAMICS. 9*. erf. 
CAMBRIDGE SENATE-HOUSE PROBLEMS, 1848 to 1851. 

Solutions by Messrs. Fe&bebs and Jacksok lbs. 6d. 

CAMBRIDGE SENATE-HOUSE RIDERS, 1848 to 1851, 

Solutions by Mr, Jameson. 7s. Bd. 

CAMBRIDGE SENATE-HOUSE PROBLEMS, Jan. 8, 1852. 

Solutions. Is. 6d. 

CAMBRIDGE SENATE-HOUSE PROBLEMS AND RIDERS. 

1854. Solutions by the Moderators, Messrs. Walton and Mackenzie. 10s. 6d. 

^xnlx anir ^alxn Class §00hs» 

MR. DRAKE'S EUMENIDES OE iESCHYLUS. With 

English Notes. 75. 6d. 

MR. DRAKE'S DEMOSTHENES DE CORONA. With 

English Notes. 5s. 

MR. EROST'S THUCYDIDES, BOOK YI. With EngHsh 

Notes. 7s. 6d. 

DR. HUMPHREY'S EXERCITATIONES IAMBICS. 

Second Edition. Ss. 6d. 

MR. MAYOR'S JUYENAL. With EngHsh Notes. lo,. ea. 
MR. MERIYALE'S SALLUST. With EngHsh Notes. 5,. 
MR. THRING'S CONSTRUING BOOK. 2*. 6d. 

MR. WRIGHT'S HELLENICA. With EngHsh Notes. 3*. 6d. 
MR. WRIGHT'S HELP TO LATIN GRAMMAR. ^s.ed. 
MR. WRIGHT'S THE SEYEN KINGS OE ROME: A 
' EIRST LATIN CONSTRUING BOOK. With EngHsh 

Notes. Zs. 

MR. WRIGHT'S YOCABULARY for the above. 

28. 6d. Just Ready. 



Cnglisj^ Grammars. 



MR. THRING'S ELEMENTS OE GRAMMAR. 

New Edition. 2s. 

MR. THRING'S CHILD'S GRAMMAR. New Edition, i,. 

MR. PARMINTER'S MATERIALS EOR ENGLISH 
GRAMMAR. s^erf. 

Lately Published. 

MR. CROSSE'S ANALYSIS OE PALEY'S EYIDENCES. 
MR. SIMPSON'S EPITOME OE CHURCH ' HISTORY. 

Third Edition. 5*. 

JONATHAN PAUfSa, FKINTEE^ SIDNEY STBEET, CAUBRIDGE. 
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